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1 Introduction 

Exceptional string (E-string in short) has originally been discovered as the effective six 
dimensional (6D) theory associated with a small £^8 instanton in heterotic string |[TT| . 
It has become clear since then that physical content of the toroidal compactification of 



E-string down to 4D is extremely rich |g |T2|, g3], gj, |2|, |23, 

4D E-string theory can be realized as type IIA string "compactified" on the canonical 
line bundle of a rational elliptic surface Bg. However we must rely on mirror symmetry 
for any quantitative analysis. In fact, we have two versions of mirror symmetry. One 
is local mirror symmetry applied to Bg, which must be realized torically [0. At 
the expense of the restriction on Kahler moduli, this method enables us to investigate 



systematically the BPS spectrum even at higher genera |TH]. The other describes E-string 



by the Seiberg- Witten curve |10, p2l based on the fact that Bg is self-mirror; the 15-string 



is mapped to type IIB string on a non-compact Calabi-Yau manifold containing a rational 



elliptic surface Sg |27|, the complex moduli of which replaces the Kahler moduli of Bg. 
The purpose of this paper is then to explore further these two descriptions of E-string. 

This paper is organized as follows. In section |^, we collect general results on the Kahler 
moduli parameters and the partition functions of E-string. The remaining sections are 
divided into two parts. The first part consists of sections |^-|^, where we investigate the 
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six toric E-string models by means of local mirror symmetry; in section ^, we study the 
four torus models associated with the E-string models, where the relation between the 
periods and elliptic modular forms is the central problem, in section ^ we analyze the 
Picard-Fuchs system of the E-string models; we then investigate the partition functions 
of the E-string models of genus zero, one in sections ^ |] respectively; finally in section |^, 
partition functions of higher genera are considered in connection with elliptic modular 
forms, Gopakumar-Vafa invariants and Jacobi forms. 

The second part deals with the Seiberg-Witten curve of E-string; after a review of the 
period map of rational elliptic surface in section |^, we obtain a procedure to determine 
the Seiberg-Witten curve for given Wilson lines using elliptic functions in section 



2 E-String 

2.1 Homology lattice and afRne root lattice 

Let us first consider type IIA string compactified on a Calabi-Yau threefold which contains 
a rational elliptic surface Sg with a section |]5D| as a divisor, where we use the symbol B^^ 
for En del Pezzo surface; a rational elliptic surface is alternatively called an almost Eq 
del Pezzo surface. 

The resulting 4D theory is a A^ = 2 supergravity. The large radius limit of the normal 
direction to Bq then kills almost all the degrees of freedom of the original Calabi-Yau 
threefold; effectively we are left with -R'sg, the canonical line bundle of i^g, as a compacti- 
fication manifold, and the 4D theory reduces to a E-string theory which does not contain 
gravity. We are interested in the physical quantities of the 15-string that depend only on 
the complexified Kahler class J G H2{Bg; C) of -Bg inherited from the Calabi-Yau three- 
fold. It should be noted that we can take the complex structure of Bg to be generic, that 
is, we can assume that the elliptic fibration tt : Bg —>■ has the twelve singular fibers of 
the Ii type. 

We recall here some properties of the second homology classes H2{Bg). The lattice 
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structure in H2{Bg) induced by intersection parings is given by 

H2{Bg) = zz e Z£:i © • • • e z£g, (2.1) 

l-l^l, l-£i^O, Ei-Ej^ -5ij. (2.2) 

Bg is realized as a blow-up of at the nine points which are the base points of a cubic 
pencil. The class I is given by the total transform of a line in P^, while Ei the exceptional 
divisor associated with the ith base point. The first Chern class c-i{Bg) is represented 
by the fiber class [5] of the elliptic fibration tt: Bg — > P^, which can be written in terms 
of the generators (2.2) as [5] = 3Z — — • • • — Eg. It is readily verified that [S\ ■ I = 3, 
[5]-Ei = 1, and [6] ■ [6] = 0. 

The sublattice [6]-^ of H2{Bg), which is the orthogonal complement of [6] in H2{Bg), 
is naturally identified with the root lattice of the affine Lie algebra E^^^: L{E^^^) — 
0^^o ^^i' where {ai}f^Q is the simple roots of £^8^^ This can be seen as follows. First we 
find the generators of [5]-^ as a free Z-module 

[(5]^ = 0Z[a,], H2{Bg) - [5]"^ ® ZEg, (2.3) 

1=0 

[ao]=Es-Eg, [ai] = Ei - Ei+i, i = l,...,7, [as] ^ I - Ei - E2 - E3. 

Then we see that the intersection pairings ([ctj] • [oij]) coincides with the minus of the 
Cartan matrix of E^^\ Note that the element of L(E^^^) corresponding to [5] e [5]-^ is 

[S] = [ao] + 2[ai\ + 4[q;2] + Gfag] + 5M + 4[q;5] + 3[q;6] + 2[a7] + Slag], 

which is in accord with the standard notation of the affine Lie algebra; — d — 9, with 
9 the highest root of E^. 

Let {ujijf^i be the fundamental weights of Eg. Then {u;i\aj) — Sij and 9 — u-j. We 
denote the corresponding elements of [5]-^ by {[<^i]}i=i, which satisfy [uj^ ■ [aj\ — —Sij. 

The dual of the Cartan subalgebra of Es'\ which we denote by f)*, contains the zeroth 
fundamental weight Aq as a generator in addition to the simple roots {ttj}, that is, 

{)* = CAo © C(5 © Cai © • • • © Cas. 
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Aq satisfies (Ao|ai) = 0, i ^ and (Ao|5) = 1, which leads to the final identification 
Sg = — [Aq] — 1/2 [5]. Thus we have another basis of the vector space 



H2{Bg; Q) = QN © Q[6] © Q[Ao], 



(2.4) 



from which it follows that H2{Bg; C) can be identified with [)*, the CSA of E^^\ 



[x] e H2{Bg] C) of the C-vector 



To summarize, we find the isomorphism: [)* 9 x 
spaces such that {x\y) = —[x] ■ [y] for any x,y E [)*. 

The important consequence on the above observation is that the Weyl group W{e'^^'') 
of E^^^ acts on H2{Bg; C). To see the effect of the Weyl action on the Kahler moduli 
parameters of the E-string, which should be a physical symmetry, we put the Kahler class 
J G H2{Bq; C) = f)* in the canonical form 



J = (ir + a)[6] - r[Ao] -J2fii[uJi 



(2.5) 



i=l 



where r is the complex modulus of the torus T^, on which the 6D E-string theory is 
compactified to 4D, r + cr the Kahler modulus of T^, or equivalently, the E-string tension 
and the self-dual 5-fiux on T^, and (/ij) the Eg Wilson lines, that is, the moduli of the 
fiat bundles on [|TD|, . 

There exists a semi-direct product structure: W{E^^^) = W{Es) x T, where W{Es) 
is the finite Weyl group and T := {tplP G L{Es)}, the translation by the root lattice 
L{Es). 

W{Es) affects only the Wilson lines /x := J2^=ifiiUJi; it is clear that /ij transforms in 
the same way as the simple root of Eg. The embedding t of the finite root lattice 
L{Es) in the Euclidean space defined by 
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where {ej} is an orthonormal basis of R^, greatly simplifies the description of W{Es); 
it is generated by (i) the permutations of {ej}, (ii) the sign flips of even number of CjS 
and (iii) the involution, which is the Weyl reflection with respect to the root 6 — J2i^iai, 
ej I— i> — l/4X]j=iej 0. If = Z^Li W6 call {nii^fi)) the Euclidean 
coordinates of /i. 

On the other hand, the translation t/j by /3 G L{Es) is given by 

tp{x) =x+ {x\6)f3 - + 5. (2.7) 

Substituting x = J (2.5), we see the tp action on the Kahler moduli parameters: 

a^a+^{mr + W), r ^ r, ;x ^ /i + r/3, (2.8) 

which is familiar as a symmetry in classical theta functions. Note that to realize another 
symmetry translation a ^ a, r ^ r, fi fi + a, as a Weyl group action, we need to 
consider the doubly-affinized £^8 algebra, E'g^ [|, |3^, ^ , which might be possible only if 
we extend H2{B<^) to the full homology lattice Hq^Bq) © H2{Bq) © H4^{Bq). 

2.2 Partition functions 

The Gromov-Witten partition function Zg.n{T\fi) of genus g and winding number n of 
the local Bg model with the Kahler moduli J given in (2.5) is defined by the expansion 
coefficient of the genus g potential Fg 0: 

oo 

F,(a,r,/i) = Y.p^Zg,^{T\f^), p := e^^"'. (2.9) 

n=l 

We remark here that the genus g refers to that of type IIA string, while the winding 
number n refers to that of E-string. 

Using (y9(r) := nj^Li(l ~ Q"), with q = e^'^''^, we can write Zg-n as 

^-(-1^) = (2-10) 

The numerator Tg.„ is so-called a Weyl-invariant quasi-Jacohi form |2^ of index n and 
weight 2g — 2 + 6n, which means that Tg;„(r|/x) is invariant under the W{Es) action on 
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II, and it has the following transformation properties: 



T,;„(r|/i+a+/3r) = e-^^^t^^l^^^+^^^l'^)! T,;„(r|/i), a, (3 E L{E,), 



T, 



' ar+b 



CT + d 



/i 



CT + d 

fa b 
\ c 



(cr + d)2^-2+^"e^('^l^)f,;„(r|/.), 



ge^L(2;Z) 



[2.11) 



[2.12) 



where Tg-n is obtained from Tg-n by replacement of each E2{t) in it with E2{t) := E2{t) — 
3/(7rImr), which gets rid of the modular anomaly of Zg-n which comes from 



' ar + b^ 

CT + d 



CT + dY E2{r) + — 



12 c 



27ri CT + d 



(2.13) 



at the sacrifice of holomorphy (2.11) shows that e^™'^Tg;„(r|/i) is invariant under the 
translation (2.8) as expected. In particular, the genus zero, singly winding partition 
function can be given by the classical level one -Eg theta function |Q |^, p7| : 



To;i(r|/i) = 0^;3(r|/i):= ^ e-H.)r+2.iHM)_ 

aeL(Es) 

Oes can be written in terms of the Euclidean coordinates for the Wilson lines as 



(2.14) 



^ a=\ i=\ i=\ 



:2.i5) 



The relation to curve counting problem is as follows |TB[: in Zo;i(r|yu), the theta 
function part is regarded as the contribution to Zo;i from the Mordell-Weil lattice 
while the denominator part i/?^^ |]23| , |^ from the twelve degenerate elliptic fibres of the 
fibration vr : — > P^. 

Furthermore it is clear from the analysis of the BPS states in [|^, ^ that higher genus 
partition functions of the singly winding sector can be obtained by 

\3 \2 



$1 ■.= Y.ZgM^) 



X 



29-2 



?7(r) 



The genus expansion of the right hand side reads PB| , 
^3 \2 T 



^0;l(^|/^)- 



(2.16) 



r/(r) 



— exp 
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-l)''^'b2. 



\ k{2k)\ 



E2kir)x'' 



9=0 



where bn and the (2/c)th Eisenstein series E2k{T) are defined by 

= E ^n—r, E2k{T) = 1 - T— (X2fc_i(n)g", cTk{n) := ^ 

As E2fc G Q[^4, Ee] , that is, Eg = El Ew = E^Eq, E12 = 1/691 (250E|+441E|) , = S|^6, 
for example, the coefficients Ag above can be reduced to 

= —E2, A2 = ^—(^4 + 5El), A3 = — i — (4^6 + 2IE2E4 + 35El), 
12 ' 1440^ 362880^ 

= ^ (39El + 8OE2EQ + 210^1^4 + 175E|), 

87091200^ ^ ^ 

= ^ (ISGE^Ee + 429^2^4 + 440^1^6 + TYOE^E^ + 385Ef), .... 

11496038400^ ^ ^ ^ 



The partition functions obeys the modular anomaly equation 

+ ^n(n + l)Vi;„(r|/i), (2.17) 



which has first been found in genus zero partition functions |2^, and then generalized to 
higher genus partition functions in [T^ . This can be rewritten using the genus g potential 
(2.9) with each E2{t) in it replaced by E2{t), Eg = Y,'^=iP^ Zg.^^ as 



'BE \ ^ ^ ^ 
-167ri (Imr)' ( 7^ = E QpFhQpEg-h + {Qp+mpEg.,, 
'^'^ ^ h=0 



where Qp = pd/dp is the Euler derivative. Compare this with the holomorphic anomaly 
equation for the topological string amplitude Eg for g >1 on a Calabi-Yau threefold X 
expressed in a general coordinate system 

where Gq = didjK is the Weil-Petersson-Zamolodchikov metric on the complex moduli 
space Ai{X*) of the mirror X*, a natural Hermite metric on a positive line bundle 
L Ai{X*), with the holomorphic three- form of X* being a local section, and Gyk the 
27^ Yukawa coupling. The covariant derivatives above have contributions not only from 
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the Levi-Civita connection Fjj = G djGjj but also from the Hermite connection —diK on 
L because Fg is a section of L^^"^, 

D.,Fg = [d., + {2-2g)d,K] F„ D,D^Fg = [3, + {2-2g)da<] D^Fg - F^p^Fg. 

Even more important is the potential of fixed winding number n: 

oo 

$„(A;r,/i) = J2x'^''Zg,^iT\f^), X := e^^^«^■^ (2.18) 

5=0 

Introduction of A and the full potential A := x^^~'^Fg = P^^n greatly simplifies 
the modular anomaly equation (2.17): 

eAexp(^) = ^6^(6^ + 1) exp(^). (2.19) 

If we substitute the p-expansion exp(^) = Y^'^^oP^ipni^i, • • • , ^n), where ipn is the nth 
Schur polynomial, then we obtain Qxipn = n{n + l)/2'ipn, hence 

M^l, • • • , $n) = A^"("+^Vn(<f ?, (2.20) 

where $° = ^n\E2=o is the anomaly-free part; in particular, $i = A^'J from (2.16). 

Finally (2.20) enables us to express the solution for the modular anomaly equation 
(2.17) concisely by with the anomaly-free part $° as its integration constant: 

$2 = ^(A-l)($i)' + A3$o, (2.21) 

$3 = -^(A - 1)'(2A + l)($i)3 + (A^ - l)$i$2 + A^$°, 
o 



$4 = (A - 1)3(6A3 + 6A2 + 3A + l)($i)^ + -(A^ - 1)($2)^ + (A^ - l)<l>i$ 



24' ' ' 2 
- i(A - 1)'(A + 1)(2A2 + a + l)(<I'i)'<l>2 + A^°$°. 

We are interested in also because it encapsulates the interaction of n E-strings, which 
can be quite different from that of fundamental strings |]2^ . 

We also give the prediction of the leading term of the partition function: 

^,;n(r|/i) = Pg,on^'-' + 0(g"), /3,,o := (2.22) 

which generalizes the genus zero result in [^. This can be used to partially fix the 
integration constants of the partition function. 
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3 Four Torus Models 



In this section, we investigate the instanton expansion by means of elhptic modular forms 
| 37| of the periods of four one-parameter famihes of elhptic curves, En, N = 5, 6, 7, 8, each 
of which is defined as a complete intersection in a toric variety as shown in the Table [l|. 
The results of this section will play an essential role in the instanton expansion of E-string 
model in the next section. 



Table 1: Toric models 



elliptic curve 


Eg del Pezzo 




P3[2,2] 


E5 El 


Eq 


P^[3] 


Ee Eq 


Er 


Pi,i,2[4] 


Er 


Eg 


Pl,2,3[6] 


Eg 



The En torus model have been studied in connection with the one-parameter families 
of the local En del Pezzo models ^, |^, and Calabi-Yau threefolds with these 



elliptic fibers have been used to describe 4D string models the Eg gauge symmetry of 
which is broken to En by Wilson lines [|l], p3| . 

3.1 Periods of elliptic curves 

The Picard-Fuchs operator for the periods of the En family of elliptic curves is given by 

= - ^(9 + a(^))(e + (3.1) 

where G = zd/dz is the Euler derivative with respect to the bare modulus z, and a, (3 is 
defined by a + /5 = 1, and {a^^\ a^^\a^'^\ a^^^) = (1/2, 1/3, 1/4, 1/6). 

The Gauss hypergeometric equation defined by (3.1) has the regular singular points 
at 2; = 0, 1, 00. The solutions around z = 0, which corresponds to the large radius limit 
point of the sigma model with the torus as target, are given by 

00 

w{z) = J2 = 2i^i(a, 1; z), (3.2) 



n=0 
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woiz) = u7{z)\og(-) + ^ a(n)6(n)z", (3.3) 



n=l 



where {k^^\ k^^\ k^''\ k'^^^) = (16,27,64,432), and 

(«)n(/5)„ 



an 



with (a)„ := r{n + a) /r{a) the Pochhammer symbol. 
The mirror map of the torus is defined by 

2.ir = (3.4) 

where r is the Kahler parameter of the torus. 

In terms of the local coordinate u = 1 — z a.t another regular singular point z = l, the 
Picard-Fuchs operator takes the same form as one at 2; = (3.1), and the continuation of 



the solutions above becomes 32 



-WU- 0, l]r';\)' - = ^^. (3.5) 

\tOD{z)J \x ^ OJ \ wd{u)) TT 

Let Mq^i^oo be the monodromy matrices around the regular singular points z = 0, 1, oo 
with respect to the basis {zud{z)/ {2TTi),w{z)}. We can compute Mq and Mi from (3.2), 
(3.3) and (3.5) respectively: 

Mo=T=(j 1)' ^^ = -^^^""^^=(-(9-iV) ^'-'^ 
where S and T are the standard generators of SL{2; Z). The remaining one Moo can be 
obtained from Moo = MiMq. The monodromy group J'eii is generated by Mq and Mi; in 

.(TV) 



particular, for N ^ 8, r^Vi - W-N), which is the Hecke subgroup of SL{2; Z) |7| 



r„(A):={(« 3€SL(2;Z) 



c = mod h 



The structure of M*(/o(9 — A^)), the graded ring of of the modular forms of even degree 
of /o(9 — A^), should be clear from 

E,: M,(^o(4)) = C[^93(2r)^^94(2r)^], (3.7) 

E,: M^iniS)) = C[w^'\ H] , H:=^^, (3.8) 

even r](3r)'^ 

i;^: M,(ro(2)) = C[A,B], A:=^{^l + ^t){r), B:=^pt{T). (3.9) 
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The fundamental solution zu{z) admits the following expressions: 

rv^'\z) =0^,eA,(T) =^3(2T)^ (3.10) 

^^'\z) ^OaAt) =^?3(2t)^?3(6t)+^?2(2t)^?2(6t), (3.11) 

r^i^){zy =OD,{r) =A{t), (3.12) 

zu^'Xz)' ^ OEsir) ^E,{t), (3.13) 

where Ok{t) is the theta function associated with the root lattice of K. 

Despite of the modular anomaly (2.13), hE2{hT) — E2{t) is a sound modular form of 
/o(/i) for each /i G N. The following identity then shows that w^zY is an element of 
M2(4f ) for TV = 5, 6, 7: 

{d>-N)uj^^\zf = {%-N)E2{{%-N)t) - E2(r). (3.14) 

Let us define for later use the modular function e2k by e2A;(r) = E2k{T)vj~^^ for each 
model, which turn out to be written in terms of y := 1/(1 — 2;): 

16 1 , , , 96 30 1 
E^: e4 T =16 + — , eg r = -64 + ^ - ^, 

y y y y y^ 

8 /X „ 36 8 
Ee: 64 T =9--, ce r =-27+ 

y y y^ 

3 , , 9 

Et. 64 T =4--, 66 T =-8 + -, 

y y 

2 

Es-. e4(r) = l, 66(r) = -l + -. 

y 

We see that 64 and 65 are subject to the algebraic relation: 

E5: = 6^ - 6^ - 108 6466 - 8640 66 - 1620 el - 17280 64 + 27648, 
Ee: = 8 66 + 18 64 + 64 - 27, 
Et: = 3 64 + 66 - 4. 

Let T^^^ (r) be the modular function of F^^'' defined by 

8 / / N \ 12 / / N \ 24 
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where r]{T) := q^^'^^Yl'^=i{l — q"') is the Dedekind eta function with g = e^'^'^. Then the 
inversion of the mirror map (3.4) can be given by 

^ 1 + -T(r). (3.16) 



z{t) k 

We note here that when = 5, 6, 7, -T^jf ^ is a genus zero modular group, that is, the 
upper half plane divided by the action of F^^'' is completed to P^, and the g-expansion 
of T'^^\t) reproduces the Thompson series associated with F^^^ p5[ . 
Another useful expressions of 1 — 2; by modular forms are 

E-,: l-z(r) = ^, E,: 1 - z(t) = + E,E'J (t)). (3.18) 

For each model, w{z) and z satisfy the following equations: 
1 At 

— ^ = z{l-z)w{zf, Kr]{Tf^ = z{l-zf-''w{zY\ (3.19) 
27ri dr 

3.2 Modular identities 

The following power series will play an important role in the instanton expansion of the 
I5-string models: 

oo 

^(o)(^) = ^ a(^)(^)^(3n)z", (3.20) 

n=l 
oo 

^&[z) = a(^)(n)/i(2n)z", (3.21) 

n=l 

oo 

^W(^) = ^a(^)(n)/i(n)z", for AT = 5, 6, 7, 8. (3.22) 

n=l 

where h{n) = X]fc=i is the harmonic function. A computer experiment gives the 
identities: 

E.: ,...M.e.p(-§|l)^(15^)',l-,^, ,3.24) 
E„: v/'-'M^expf-^I^Uf^y (1-^)4 = (,TW(r))'. (3.25) 
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4 Model Building of E-Strings 



In this section, we give six models: Ejy, N = 0,1, 5, 6, 7, 8, of Eg almost del Pezzo surface 
listed in Table 0, which is realized as a complete intersection in a toric variety, and 
analyze the Picard-Fuchs systems defined by them at the large radius point. Among the 
six models, we call the four £^5 6,7,8 the principal series, the reason of which will become 
clear in the investigation of the Picard-Fuchs system of them. 

4.1 Principal series 

The -£^6,7,8 models are obtained as hypersurfaces in ambient toric threefolds with their 
Kahler classes inherited from those of the ambient spaces. 

To describe these, let us first define the action of (C*)^ on for each model by 

Eq : (xi, X2, X3, X4, X5) (Axi, \X2, A^V^^a, /UX5), (4.1) 
E7 : (xi, X2, X3, Xi, X5) (Axi, \X2, A'Va^a, l^^i, l^'^x^), (4.2) 
Es : (xi, X2, X3, X4, X5) (Axi, Ax2, A'Va^s, /i^a;4, /i^xs), (4.3) 

where A,/i G C*. Then the ambient toric variety A can be realized by the quotient 
A := (C^-F)/(C*)^, where F = {xi =X2 = 0} U {x3 = X4 = X5 = 0} is the bad point set of 
the (C*)2 action. 

It is easy to see that the ambient space A for the -Eg, 7,8 model has a structure of 
weighted projective surface bundle over with fiber P^, Pi, 1,2, Pi, 2,3 respectively. 

We can now define the Eg almost del Pezzo surface Bg for the Eqj^ model as a 
hypersurface in A of bidegree (0,3), (0,4) and (0,6) respectively, where the bidegree 
refers to the (A, fi) charge of the defining polynomial. The Kahler classes for Bg induced 
from those of the ambient space are given by 

= a[6]+Ti[6]+£r + £s + £9), (4.4) 
= ^lS] + r{[6]+Ss + Sg), (4.5) 
ji^) = a[6] + T{[6]+Sg), (4.6) 

where we recall that [6] is the first Chern class of Bg. The local model of Bg embedded in 
a Calabi-Yau threefold is described by the total space of the canonical line bundle Ksg, 
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which is again reahzed as a hypersurface in the non-compact toric variety Oa{—^,0)- 
From this fact, we can identify the Mori vectors of the local Calabi-Yau models, which 
plays an essential role in the formulation of mirror symmetry ||T6| : 
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h = (0; 1, 1, -1, 0, 0, -1), h = (-3; 0, 0, 1, 1, 1 



0), 



(4.7) 



E,: /i = (0;l, 1,-1, 0,0,-1), = (-4; 0, 0, 1, 1, 2, 



0), 



(4.8) 



Es: /i = (0;1, 1,-1, 0,0,-1), = (-6; 0, 0, 1, 2, 3, 



0). 



(4.9) 



It will suffice here to point out that the first components of the vectors h, I2 are (minus) the 
degrees of the hypersurface, while the rest the C* charges of the homogeneous coordinates 
of Kai where the last one corresponds to the non-compact direction. 

Next we consider the E^ model. The ambient toric variety in this case is a bundle 
over P^. This space admits the quotient realization (C^ — -F)/(C*)^, where the (C*)^ 
action on is defined by (xi, X2, xs, 0:4, X5, xe) {Xxi, Xx2, X'^fixs, fiX4, fix^, fiXe), and 
the bad point set F = {a;i = a;2 = 0} U {xs = X4 = X5 = Xq = 0}. 

The surface Bg is defined by a complete intersection of two hypersurfaces of bidegree 
(0, 2). The Kahler class of the E^ model induced from the ambient space turns out to be 



The Mori vectors in this case can be seen as in the case of the ^^6,7,8 models above: 



E,: k = (0, 0; 1, 1, -1, 0, 0, 0, -1), k = (-2, -2; 0, 0, 1, 1, 1, 1, 0). (4.11) 
4.2 £^0 and Ei models 



We present here the remaining two models, Eq and Ei. Because the ambient spaces for 
these models are products of projective spaces, rather than a twisted fiber bundle as in 
the case of principal series, the toric construction of them may be omitted. 

The Eq model is realized as a hypersurface of bidegree (1, 3) in P^xP^, while the Ei 
model as one of tridegree (1, 2, 2) in P^ x P^ x P^. 

The Kahler classes induced from the ambient spaces are given by 



J(5) = a[6] + r{[6] +8^ + 87 + 88 + Sg). 



(4.10) 



J(0) 



a[6] +tI, 

a[5]+nil-£,) + T2{l-£2). 



(4.12) 
(4.13) 
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Note that for the Ei model, we must put the restriction ti = T2 = t to obtain a two- 
parameter model. 

The Mori vectors of these two models are 

Eo: /i = (-l; 1,1, 0,0, 0,-1), = (-3; 0, 0, 1, 1, 1, 0), (4.14) 

E-,: /i = (-l; 1,1, 0,0, 0,0,-1), = (-2; 0, 0, 1, 1, 0, 0, 0), 

/3 = (-2; 0,0, 0,0, 1,1,0). (4.15) 



4.3 Kahler classes 



Each of the Kahler classes of the six models obtained above admits two important rep- 
resentations, the one of which reveals the blow- up/down scheme of the two-parameter 
family of Bgs, and the other the canonical form (2.5) suggested by the investigation of 6D 



E-string compactified on T |]T0|, |12|: 



J{0) 


= aci{Bg) 


+ ^ci(5o) 


= (a + 


'tm 


- 3r[Ao] 




(4.16) 




= aci{Bg) 


+ ^ci(5i) 


= (a + 


2r)[6] 


-4r[Ao] 


- ^M, 


(4.17) 


J{5) 


= aci{Bg) 


+ rCi(fi5) 


= ((T + 


2rm 


- 4r[Ao] 




(4.18) 


J(6) 


= aci{Bg) 


+ rci{Be) 


= (a + 


im 


- 3r[Ao] 




(4.19) 




= (TCi{Bg) 


+ TC,iBr) 


= (CT + 


irm 


- 2r[Ao] 


- ^K], 


(4.20) 


J{8) 


= aci{Bg) 


+ rciiBs) 


= i(T + 




- lr[Ao] 




(4.21) 



where we recall that [6] = ci{Bg) = 31 - ELi^i^ ^9 = -[Ao] - 1/2[5], Bn the En del 



Pezzo surface with Ci{Bn) = 3/ - EiLi ^» = with ci(5o) = 3/, and Bi = x 
with ci(Si) = 2(2/-^i-^2)- 

The existence of the blow-down of each model to the one parameter family of the 
corresponding del Pezzo surface, where the name of the model comes, leads to the relation 
between Gromov-Witten invariants of these models as we shall see below. The appearance 
of a single fundamental weight in the Wilson line term in each model is also suggestive. 
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There are a few words to be said on what should be the En models for = 1, 2, 3, 4. 
Their Kahler moduli are expected to be written as 

J(i) = aci{Bg) + rci(5i) = {a + 4t)[6] - 8r[Ao] - r([^i]+2M), (4.22) 

J(2) = aci(59) + rci(fi2) = {cy + lr)[6] - 7r[Ao] - r([^2] + M), (4.23) 

J^'^ = aciBg) + TCiiBs) = (a + 3r)[6] - 6r[Ao] - r[c^3], (4.24) 

J(^) = orci(59) + Tc,{B,) = {a+ It)[6] - 5r[Ao] - r[u^], (4.25) 

In view of the fact that -81,2,3 are themselves toric surfaces, we might expect that at 
least for N = 1,2,3, Ej^ models can be realized as a hypersurface in the toric threefold 
B]\fXP^, which we will not pursue further. 

4.4 Periods 

The solutions to the Picard-Fuchs differential equations around the large radius limit 
point {zi,Z2) = (0,0) can be obtained by the Frobenius method 0]. We first define the 
formal power series i7^^^(zi, Z2) from the Mori vectors h, l2- 

00 00 

n,iz,,Z2) = E E Ain,+p,,n2+P2)zT^''zr'-'\ (4.26) 

ni=0 n2=0 

where A{ni,n2) for the Eq and Ef models are 

\27J r(l - ni)r(l + r2i)"T(l + r;,2)'^ 

^'"(". «.) - (IT . (4.28) 



aey 1(1-^1)1(1 + ^1)21(1 + ^2)4 

while for the principal series E^, N = 5,6, 7, 8, 

A^fn. no) ■= T{a + n2)T{l3 + n2) 

^ r(a)r(/5)r(i + n2)r(i + ni)2r(i-ni)r(i + n2-ni)- 



(4.29) 



We remark that the Ei model has been defined as the three parameter model. The 
three Mori vectors (4.15) produce the formal power series 



oo oo oo 



n,{z„W„W2)= E E E ^K+Pl'^l+P21,A:2 + P22)^r+''^^^^'"^2^'"'", 
ni=0 fci=0 fc2=0 
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^ r(i - ni)r(i + n.mi + hyvii + ' 

Then the reduction to the two parameter model is achieved by setting wi=W2 = Z2/IQ] 
correspondingly, the coefficient of the power series reduces to the one described in (4.28): 

ki+k2=n2 

r(l + ni + 2n2) ^ / (^2)! y 

r(l - n,)T{l + n.yVil + n2f \{h)\{k2)\) 

_ r(l + ni + 2ri2)r(l + 2n2) 
" r(l-ni)r(l+ni)2r(l + n2)4' 



The computation of the Picard-Fuchs operators can be done in a standard manner 
once we know the form of A{ni,n2) Ijl^. For Eq and Ei model we have 



=92 + ^191(91 + 362 + 1), 

= 992 - 39i92 - ^2(362 + 61 + 1)(392 + 61 + 2) - 3zi9i92, 



(4.30) 



=9? + zi9i(9i + 292 + l), 
p« = 492 - 29i92 - ^2(262 + 1)(292 + 61 + 1) - 22i9i92, (4.31) 

and for the principal series Ejsi with = 5, 6, 7, 8, 

pW = 9?-^i9i(9i-92), 

pf) = 92(62 - 61) - ^2(62 + a(^))(62 + (4.32) 

where 61 = zidz^ and 62 = Z2dz2- In passing, we remark here that the Picard-Fuchs 
system for the principal series gives an Appell-Horn hypergeometric system in four ways 
according to the choice of the base point (zf^ = 0, zf^ = 0). It would be quite interesting 
to analyze their monodromies. 

The Frobenius method then gives the four solutions of the Picard-Fuchs system (4.30), 
(4.31), (4.32): 

zu{z2) = np{zi,Z2)\p^Q, (4.33) 
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(^2) 


0(^1 


^2) 












Z2) 



lp=0 ' 
lp=0 ' 



p=0 



^Pl^P. + X)^?(^l,^2) 



p=0 



p=0 



, A^ = 5,6,7,8. 



(4.34) 
(4.35) 
(4.36) 

(4.37) 

(4.38) 



The first two solutions w and wb are the same as those of the corresponding torus (3.2), 
(3.3), which is evident from the structure of the Picard-Fuchs operators above. 
The third one is given by 



0(^1, z-,) = w{z2) iog(^o + e(^H^2) + E 4^^^(^2)^r, 

ni=l 



(4.39) 



where ^^^^-^2) has been defined in (3.20), (3.21) and (3.22) and CS^^ is the differential 
operator defined by 



4°' 



11(302 + fc), 



n 


• n! 


(- 


1)" 


n 


■ n! 


(- 


1)" 


n 


• n\ 



n(2e>2 + fc), 

11(02 -fc), 



A^ = 5,6, 7,8. 



(4.40) 
(4.41) 
(4.42) 



fe=0 



The fiat coordinates r, a are obtained by the mirror map 

27rir = ^, 27ria = %^. 

1^7(2:2) ^^(-22) 

Let c„ := L^wjw, then (4.43) with (3.23), (3.24), (3.25) yields 

e^->(^)(r) = ^lexp ( f; Cn,{T)zl\ 
from which we know that the inversion of the mirror for Z\ takes the form 



;^i=p(l + E^n(r)p"), 

n=l 



(4.43) 



(4.44) 



(4.45) 
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where p := e'^^'"^ilj{T), and dn G Q[ci, . . . , Cn]; explicitly, 



di — — Ci, d2 — -c1 — C2, C?3 



8 



q +4ciC2 - C3, 



di 



125 



25 



24 ■ Ci - y C1C2 + 5 C1C3 + 2 ^2 - C4, 



After some tedious calculations, we find that the last solution 0^) is given by 

fn{z2) „ 



/ 1 1 \ °° 



07(2:2) 



^1 ? 



(2:1, Z2) = (27ri) 1:^7(^2) (XT + -r 



4 87 ^^7(2:2) 



4^)(^i,^2) = (2vri)2ti7(22)(ar + V 



1 



2- 2(9-iV); \t^,ti7(z2) ^' 
where fn{z2) is the "higher Wronskian" defined by 



fn{z2) 



(4.46) 

(4.47) 
(4.48) 

(4.49) 
(4.50) 



It must be noted here that a crucial ingredient in obtaining the concise expression for (pD 
above is the following formula of combinatoric nature: 



00 

E 

n=l 



a{n)k{n)z2 



00 

E 

n=0 



a{n)z^ 



E a(n)6(n)4 



ra=l 



00 

E 

n=l 



a(n)s(n)2;2 



, (4.51) 



where s{n) and k{n) are defined by 

n-l 



s(n) = E 



1 



n-l 



1 



The instanton part of the genus zero prepotential of the model Fq is defined by 



n-l 



1 



'dFr 







27ri V da 



(4.52) 



where {h^^\h^^\h^^\h^^\h^'^\h^^'^) = (3,4,4,3,2,1) is the normalization factor, which 
may be found, for example, by computation of the classical central charge of a D-branes 
system corresponding to a coherent sheaf with the Kahler class J^^^ [ETI]: 



7 class 



(-^) = - 



exp(-jW)-ch(^).([i?9] + i[5] + l[pt] 
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4.5 Relation to Seiberg— Witten periods 

In this subsection we show how to reahze the two periods cj) and (f)Di which have been 
obtained as the solutions of the Picard-Fuchs differential equations, as the Seiberg- Witten 
integrals of the 6D non-critical string theory compactified on to 4D |1^, |2^, . 

Let (I)q{zi,Z2) be a solution of the Picard-Fuchs system (4.30), (4.31), or (4.32). It 
is easy to see that if 6i0o = 0, then Pi^o = is automatic and 1^200 = reduces to 
the Picard-Fuchs equation for the corresponding elliptic curve: I^eii^o = 0; hence 0o is a 
linear combination of w and Wo- 

Consider the case 6i0o 7^ 0. The first equation X>i0o = gives a constraint on the 
function form of 0i0o- 



1 ^ ~ Z2 

£^5,6,7,8 : 6i0o(^i, Z2) = uj{z2), Z2 : = 2:2(1 - 2i). (4.55) 



Eq: 0i0o(-2i,-22) = 7v-;-t^(2:2), ^2 : = 77v~r^' {'^■^'i) 
Ei: ei0o(^i,^2) = T-:-^(52), 52: = 7^^^, (4.54) 



Upon the action of 61, the second equation P20o = reduces to the Picard-Fuchs 
equation of the corresponding torus in terms of the variable Z2'- 

Eo : eiV2Mzi,Z2) = 3Pj?^(52), (4.56) 
Ei: 81^200(^1,^2) =4 PiJ^(52), (4.57) 
^^5,6,7,8 : 61^200(^1,^2) = -^Vi^,^uiz2), (4.58) 

L — Zi 

that is, uj{z2) is a period of the elliptic curve. 

We have thus arrived at the representation of the general solution 0o for the Picard- 
Fuchs system in terms of a period u of the fiber torus, which is closely related to the 
Seiberg- Witten periods: 



E 



5,6,7,8 



^1 dZi 1 / Z2_ 

zi i+zi'^yii+zi] 

^1 dZi I ( Z2 

, 

Zi l + Zi \{l + Zi] 

^1 dzi 



Eo: 00(^1,^2)=/ —TV^r^i M + ^(-^2), (4.59) 

E-,: 0o(^i,^2)= /"^ — T^^ (77^1+^(^2), (4.60) 



u;(2;2 - ^1^2) + c(^2), (4.61) 

Za 
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where c{z2) is a counterterm to ensure X'20o = 0. 

Curiously, the deformation of the single- variable function a; (2:2) to the one appeared in 
the right hand side of (4.53), (4.54) and (4.55) admits the following description in terms 

of the differential operator respectively: 

^ oj(.^^] = l^l + f:nz-C^:^y{z2), (4.62) 



l + Zi" \{1 + Zif 
1 / Z2 



00 



oo(z2 - Z1Z2) ^(1 + E ^^^4"^^) ^(-^2), = 5, 6, 7, 8. (4.64) 
For the period 0, we obtain the following integral formula: for Eq and Ei models, 

^0 : ^<»'(... ^ '-^j^y- (^) . (4.65) 
^,:0«(....)^f (4.66) 
and for the principal series 

^^5,6,7,8 : </>^"^)(^l, Z2) = r ^VJ^''\Z2 - Z,Z2) + ^^^^^2) (4.67) 

Z\ 

= / - Z1Z2), 

Jl Z\ 

where we must discard a log(e) term before taking the limit e — > 0. The last equation 
implies that for the principal series, is a vanishing period at 2^1 = 1. 

Let f be the couphng constant of the Seiberg-Witten theory with the bare parameters 
{zi,Z2). It is given by the deformed mirror map 

27rif = ^4^, (4.68) 
■nj{z2) 

where Z2 — Z2{zi,Z2) is given in (4.53), (4.54), and (4.55) respectively. 

We can also show using (4.62), (4.63), (4.64), that the instanton part of the period 
0£) can be written as a Seiberg-Witten period, where we have no need to introduce the 
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cut-off parameter e in contrast to tlie case of 0: 

: I (1^) (^-.) ^ = f f (f - r) ^<-)(.. - (4.71) 

Note tliat in particular (4.71) for the Eg model corresponds to the formula |^ (3.5)] 
obtained by direct evaluation of the Seiberg-Witten periods from the curve (9.6). The 
integration variable v there satisfies i?4(f)^/i?6(T)^ = E^ItY / {Eq{t) —v)"^ , from which we 
see the correspondence of the bare variables 

5 Genus Zero Partition Functions 
5.1 Recursion relations 

In order to obtain the instanton expansion of the genus zero potential Fq, we have to 
convert the two sequences of functions of Z2- 

Cn = ; fn = ~ ij^ C-n'^ D " '^D^n'^) 

w 

into modular functions of r'eii, which is achieved by finding the recursion relations for {c„} 
and {fn}- To this end, let us make the ansatz c„(r) = i?,„e2(r) + with e^k '■= E2k'^~'^^. 
It will become clear from the recursion relations that -B„, Dn-, fn are degree n polynomials 
in where y = (1 — 2:2)^^; in particular they are all anomaly-free modular functions of 

Eell- 

The equations (3.19) enable us to evaluate the following logarithmic derivatives that 
are indispensable to establish the recursion relations: 

= ^ {ye2 - [(10-iV) - i9-N)y]} , (5.1) 
62(62^17) = ^ {-ye, + e2[(10-iV) - {9-N)y]}, (5.2) 
where w is the fundamental period of the E^^ elliptic curves with = 5, 6, 7, 8. 
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Principal series For them, from the relation {n+iyCn+i — —n{Q2 — n)jCn, 



n 



(©2 - n){zUCn). 



(n + l)2 

Then the equations (5.1) and (5.2) yields the recursion relation for {c„}: 



n+l 



n 



, . d fDi-n -Bi 



B„ 



where 64 = (16 — lQy~^ + y~^), (9 — ^y~^), (4 — 3?/^^), 1, for = 5, 6, 7, 8 respectively. 
Note that we have replaced ©2 by y{ii — l)d/dy in the recursion relation above because 
Bn and Dn depend on Z2 only through y. 

Since ci = —Qiwjw^ the first term (Si, Di) can be seen immediately from (5.1): 

i^i = -^, A = ^[(10-7V)-(9-Ar)^]. 
The recursion relation for {/„} can be obtained in a similar manner: 



/n+l — 



n 



?/(?/-1)t~-« + ci 
dy 



(n+l)2 

Furthermore {/n} and {c„ = B^e^ + are related each other by 



Bn — 



12 



1 r(n+i)=^ 



/n+i+ ?/(y-l):5 n + Di 

yyn l d?/ -i ' 



Here we list the first few elements of {(-Bn; -Dn)} only for the model: 

= ^1 = ^(2-1/), 52 = ^2/(1/ -2), D2 = ^(7-7|/ + 3|/2), 

1 „ 1 

^3 = 



^ 1/(211- 211 y + 72 y2), £(3 = -J- (|/ - 2)(72 - 91 y + 91), 



7776 

B, = y{y - 2) (54 - lOSy + 103), 



7776 



L>4 = 



10368 
1 

124416 



;i729 - 3458 y + 4477 - 2748 y^ + 648 y^) . 



El model The procedure to get the recursion relations for {cn} and {/„} are similar 
to the case of principal series. In this case the Er, torus is relevant. 
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Using (n+ = —n{2Q2+n+l)Cn we get the recursion relation for {c„} 



( Bn+l\ 


n 


[Dn+lJ 


{n + lf 



2y{y-l)— + 
dy 



+ n + 2 -Bi ^ 



with Di) = {-y/6, -(% + l)/6) and 64 = (16 - 16y~^ + y'^) 
The recursion relation for {/«} reads 



n 



n+l 



(n+l)2 

The relation between {/„} and {c„} is 
1 



2y{y-l)— + 2 + n + ci /„ - /ic„ 
dy J 



/i = 22/. 



12 2y 
We list the first few members: 



1 ((n + 1)'^ r d 1 

2yiy-l)— + 2 + n + D, U\. 

n ^ dy -I ' 



i?i = -^2/, D^ = -^{l + 4y), B2 = ^y{2y+1), D2 = ^{8y^ + 1), 



B3 



1 

108 



y{8y' + y + 2), D3 



1 



108 



{l + 4y){8y'-5y + 2), 



^ y{24:y^ -iy^ + 2y + 3), = ^ {96y^ - Giy^ + 7 y^ + 5y + 3). 



288 



288 



Eq model This case has been analyzed in [jl8|, which we briefly repeat here for conve- 
nience. Recall that underlying torus model is Eq. 

First, the relation among the operators (n + lyCn+i = —"'^(362 + n + 1)£„ yields 



Bn+l 
Dn+l, 



n 



^ I .X d D^ + n + 2 -5i ^ 



{n + lf 

with (fii, Di) = {-y/4:, -Sy/A) and 64 = (9 - 8^-^ 
The recursion relation for {/„} becomes 



B„ 



n 



n+l 



{n + lf 

with the relation between {/„} and {c„} 
12'^' Syl n 



32/(2/-l)^ + n + 2 + ciJ/„-c„/i[>, /i = 3?/, 



+ [3y{y-l)— + n + 2 + Di\U\. 
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The first few members of {(-B„, -On)} are 

B3 = -^y\l8y-7), Ds = -^ 1/(54 y^-45y + 4), 

^4 = (27 y - 2) (3 y - 2) , L>4 = ^ 2/2 (243 y2 - 288 y + 68) . 

Finally, we have observed for any of the six models that 

fJjj) _ _.^dcjj) 

which turns out to be of fundamental importance both for the instanton expansion and for 
the investigation of the modular anomaly equations of the genus zero and one Gromov- 
Witten potentials below. 

5.2 Instanton expansion 

The instanton expansion of the genus zero potential Fq is obtained by conversion of Zi 

and Z2 in Fq to the function of g := e^'^'^ and p := e^'^"^. We define the genus zero 
Gromov-Witten invariant No.n,m G Q of bi degree {n,m) by the g-expansion of Zo;„(t) 

oo 

^0;n(r) = E No-n^mq"". (5.4) 
m=0 

We find a useful expression of the genus zero potential: 

which follows from the fact that p does not depend on E2: 

f dp\ ( dzi \ ( dp\ ^ ^( dcn \ / ^\ ^ ^ 



\dE2 J \dE2 J \dzij \dE2 J \dc„ 

because p — p^{t) with 'iI){t) anomaly-free, and the substitution of the identity (5.3). 

Then we see from the expansion of the right hand side of (5.5) that the general form 
of the partition function Zo;„(r) reads 

Zo;i = (9 - iV) (^^i , iV = 0, i, 5, 6, 7, 8, (5.6) 

Zo-n = (^0;l)"w'^""'^ Vo-n-l{e2, I/"'), (5.7) 
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where Vo;n-i is a degree n — 1 polynomial in 62 = E2{t)/vd{z2Y and y^^ — 1 — Z2- The 
relation between Zq.i and the special value of the theta function prescribed by the 
Kahler class J^^^ defined in (4.17)-(4.21) will be discussed later. 

As space is limited, we give only the first four terms of the p-expansions of (5.5): 



(0) 



yp {ypf 9 (yp) 



32 



+ 



{yp) 1 



126^ + 62(45 1- 27+ 

\ y / y n-^ 
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At this point it would be helpful to mention in advance the general form of higher 
genus Gromov-Witten partition functions Zg.„(r), which is indeed predicted from the 
modular anomaly equation (2.17), 

Zg;n = (Zo;i)"zi72(^+"-i)p,;,+._i(e2,y-^), (5.8) 
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where Vg-g+n-i is a degree g+n — 1 polynomial in 62 and y ^. 
5.3 Partition functions and modular forms 

It is of primary importance to ensure the relation between the singly wound partition 
function Zq.i{t) and the Eg theta function (2.14) as a consistency check of our formalism. 

The specializations of the Es theta function to the Kahler moduli of the Ei and E^ 
models, for example, are calculated as follows: 

E, : 0e,{4t\u,t) = ^ i?„(4r||)«- E^^l^^li)') 

^ a=2,3 6=1,4 

E ^a(4r)¥„(4T|T)6-^?4(4T)¥4(4T|r)6), 
^ a=2,3 

E, : 0i;3(4T|cu5r) = ^ i?„(4r)^t?„(4T|T)^ - t?4(4r)^i?4(4r|r)^) . 

^ a=2,3 

We find that Zq-i can indeed be written by the Eg theta function with the prescribed 
Kahler class J^^^ as predicted in (2.14), in addition to the fact that it admits a concise 
description by the Dedekind eta function: 

Zo.i{3t\u;st), (5.9) 

^o;i(4r|a;2T), (5.10) 

Zo;i(4T|a;5T), (5.11) 

Zo;i(3T|a;6T), (5.12) 

Zo;i(2r|a;7r), (5.13) 

Zo;i(r|0). (5.14) 
Zo;i{'t) of the E3 and the E4 model calculated form the E^ theta function using (2.14) 
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can also be expressed by the eta functions: 



. 0EsiQr\uj3T) _ 6g2 

(/^(6r)i2 r]{T)i]{2r)r]{3T)i]{6ry ^ ^ 

As for partition functions of multiple winding number, we here give the expressions of 
those in terms of modular forms only for the and -Eg models; the latter has originally 
been obtained in . 



Ey model Let x ■= = 2g^/V(r?(r)r7(2r))^ see (7.1). 

ZQ = ^A{AE2-A' + 3B), 



43 = -^AiQE^A^ - 12^2^3 + 36E2AB + 16A^ - 33^25 + 515^), 
6912 

4 

165888 ^ 222 
+ 54^2^^ - 135^2^35 + 2Q7E2AB'^), 

Z^^.l = ^ A(123328A^ - 514272^^5 + 858987^4^52 _^ 6250A'^E^ - 25000A^El 

1990656000 ^ ^ ^ 

+ 4062155^ - 585000^^^2^2 + 499500^4^^25 + 607500/1^2^^ - 213750^^^25 
+ 326250^25252 - 508680^25^ - 136000^^52 + 75000^^5^5 + 75000^4^522). 



Es model 



7(8) - ^ F 
K8) 1 



= r)A 24 -^4(256 + 5254), 



24^2 

] 

T5552¥?3 
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6220V 
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4;3 = ^333^^36 ^4(10951 + 197552 + 216525456 + 545252), 
^0;4 = ^oonV 48 -^4(2725|56 + 1545^ + 109525^^ + 269E2E,El + UAE^.EIE, 



+ 2AEIEI), 

4S = 37324800(^60 -^4(426250^2^^4^^6^ + ISOOOOE^^^I^e + 207505^6^ + 136250^2^1 
+ 772460^^^2 + 116769^^ + 18750E^E^ + 653000^2^4^6 + 505000^2^4^^6 )• 



5.4 Modular anomaly equation 



We are now ready to give the modular anomaly equation, which determines the E2 de- 
pendence of the genus zero partition function Zo-nir) closely following |IB . 
First by differentiation of (4.52) with respect to E2{t), we obtain 



d 
'dE, 



Then the substitution of (5.5) to the above equation brings about 



24/i 



dEo 



0. 



Eventually we arrive at the modular anomaly equation for genus zero: 

Using the definition of the potential Fq = J2'^^=i Zo-n{T)p"', the anomaly equation can be 
rewritten as 

1 n-l 



h 



dZo.,n{r) 



dE^ir) 24,tl 



k{n - k)Zo.kir)Zo-n-k{r), 



which is consistent with the general form of the anomaly equation (2.17). The appearance 
of the normalization factor h (4.52) in the left hand side is explained by the fact that 
hE2{hT) — E2{t) is an anomaly-free modular form of Folh). 

5.5 Rational instant on numbers 

We denote the genus zero instanton number of bidegree (n, m) by A^™^*^, which counts 
the 'number' of the rational curves of a given degree in the almost del Pezzo surface Bg, 
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and we define its generating function witli fixed n by 

oo 

Z'Ci^) = E Kn^mQ""- (5-17) 

It is well-known that the genus zero multiple covering formula found in ^ leads to the 
following decomposition of the genus zero Gromov-Witten partition function: 

^;n(r)=E^"'4;f(^^)- (5-18) 

k\n 

We can invert this equation using the Mobius function yu : N ^ {0, ±1} as 

Zl';:\T)=Y.mk-'Zo..{kr). (5.19) 

k\n 

Recall that the Mobius function fi is defined as follows: /i(l) = 1, fi{n) = (—1)' if n is 
factorized into / distinct primes, and fi{n) = if n is not square-free. 

We will give the first few terms of the expansions of Z^^^, for each models below. 

model 

Zjf = 4 + 16 g + 40 g2 + 96 g3 + 220 + 464 + 920 + 1760 + 3276 q^ + 5920 q^ 
+ 10408 + ■ ■ • 

Zjf = -20 g2 - 128 q^ - 608 - 2304 g^ - 7672 g^ - 23040 g^ - 64256 g^ - 168448 g^ 

- 419908 gi° , 

Zgt = 48 g^ + 588 g^ + 4224 g^ + 23112 q^ + 105888 g^ -t- 426624 g^ + 1557216 g^ 

+ 5250816 g^° + -- - , 
Z^^f = -192 g^ - 3328 g^ - 32224 g^ - 230400 g^ - 1346944 g^ - 6802432 g^ 

- 30669248 g^° , 

4;f = 960 g^ + 21320 g^ + 260320 g^ + 2298680 g^ + 16354800 g^ + 99283840 g^° + • • ■ . 
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Eg model 

Zjf = 3 + 27 ? + 81 + 255 + 702 + 1701 + 3930 + 8721 q'^ + 18225 q' 

+ 37056g^ + 73116g^° + --- , 
Z^'.f = -54 g2 _ 492 - 3078 - 14904 q^ - 61320 q^ - 224532 - 751788 q^ 

- 2337264 - 6844338 , 

Zgl* = 243 + 4131 g^ + 40095 + 287307 q^ + 1683018 + 8515449 g^ 

+ 38457585 g^ + 158463702 g^° + ■ ■ ■ , 
Zgf = -1728 g^ - 42120 g^ - 559920 g^ - 5344920 g^ - 40835664 g^ 

- 264772872 g'' - 1510286688 g^° , 

Zjf = 15255 g^ + 483585 g^ + 8191530 g^ + 97962210 g^ + 925275420 g'^ 
+ 7332946200 g^° + • • • . 



Ey model 

Z'^f = 2 + 56 g + 276 g^ + 1360 g^ + 4718 g^ + 15960 g^ + 46284 g^ + 130064 g^ 

+ 334950 g^ + 837872 q^ + 1980756 g^° + ■ ■ • , 
Zg* = -272 g2 - 4544 g^ - 46416 g^ - 335744 g^ - 2008480 g^ - 10255104 g^ 

- 46868416 g^ - 194576128 g*^ - 749189328 g^° + • • • , 

Z'^' = 3240 g3 + 100134 g^ + 1649088 g^ + 18786852 g^ + 168160176 g^ 

+ 1255563072 g^ + 8154689040 g^ + 47265867648 g^° + • • • , 
Z^f = -58432 g^ - 2633088 g^ - 60949696 g^ - 960253440 g^ 

- 11638833216 g^ - 115871533568 g*^ - 988372855168 g^° , 

Zjf = 1303840 g^ + 77380260 g^ + 2323737360 g^ + 47046026140 g^ 

+ 724935311560 g'' + 9088122264000 g^° + • • • . 
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model 

Zff = 1 + 252 g + 5130 + 54760 + 419895 + 2587788 q^ + 13630694 q^ 

+ 63618120 q^ + 269531955 + 1054198840 q^ + 3854102058 + ■ ■ • , 
Zg* = -9252 g2 _ 673760 q^ - 20534040 g^ - 389320128 g^ - 5398936120 g^ 

- 59651033472 g^ - 553157438400 g^ - 4456706505600 g^ 

- 31967377104276 g^° , 

Zg* = 848628 g^ + 115243155 g^ + 6499779552 g^ + 219488049810 g^ 
+ 5218126709400 g^ + 95602979109024 g® + 1428776049708360 g^ 
+ 18102884896663488 g^° + ■ ■ ■ , 

47 = -114265008 g^ - 23064530112 g^ - 1972983690880 g^ - 100502238355200 g^ 

- 3554323792345440 g® - 95341997143018752 g^ 

- 2053905830285978880 g^° , 

Zj'f = 18958064400 g^ + 5105167984850 g^ + 594537323257800 g^ 
+ 41416214037843150 g^ + 1996136210493389700 g^ 
+ 72464241398191308000 g^° + ■ ■ ■ . 

Note that for these principal series, N^^^ coincides with the genus zero, degree n instan- 
ton number of the local Ej^ del Pezzo model computed in p3|, |2l . 



Eq model 



Z^f = 9 + 36 g + 126 g2 + 360 g^ + 945 g^ + 2268 g^ + 5166 g^ + 11160 g^ 

+ 23220 g^ + 46620 g^ + 90972 g^° + ■ ■ ■ , 
Zg* = - 18 g - 252 g2 - 1728 g^ - 9000 g^ - 38808 g^ - 147384 q^ - 506880 g^ 



- 1613088 g^ - 4813380 g^ - 13609476 g^° , 

= 3 g + 252 g2 + 4158 g^ + 40173 g^ + 287415 g^ + 1683450 g^ + 8516418 q' 

+ 38458233 g^ + 158467806 g^ + 605183100 g^° + ■ ■ ■ , 

= -144 g^ - 6048 g^ - 107280 g^ - 1235520 g^ - 10796544 q^ - 77538240 q' 
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- 479682720 - 2635776000 - 13140695232 , 

Zj'f = 45 g2 + 5670 q^ + 189990 + 3508920 q^ + 45151335 q^ + 452510730 q^ 
+ 3763732545 q^ + 27047637540 q^ + 172619569800 + ■ ■ • . 

We have checked that {A^^g^f* „} = {3, —6, 27, —192, 1695, ■ ■ ■ } coincides with the genus 
zero, degree n instanton number of the local model [El, E^. 



El model 

Zjf = 8 + 16 g + 56 g2 + 112 g3 + 280 q^ + 528 q^ + 1120 + 2016 g^ + 3880 g^ 

+ 6720 g^ + 12096 g^° + -- - , 
Z'^f = -4 g - 56 g2 - 280 g^ - 1232 g^ - 4212 g^ - 13544 q^ - 38584 g^ - 105200 g^ 

- 266696 g^- 653400 g^° , 

Zg* = 24 g2 + 336 g^ + 2688 g^ + 15360 g^ + 73584 g^ + 303744 g^ + 1137192 g^ 

+ 3897648 g^ + 12515112 g^° + • • • , 
Zff = -4 g2 - 224 g^ - 3472 g^ - 32704 g^ - 232280 g^ - 1351040 g^ - 6818336 g^ 

- 30695296 g^ - 126302196 g^° , 

Z'^^ = 80 g^ + 2800 g^ + 44800 g^ + 477160 g^ + 3892240 g^ + 26296560 g^ 
+ 153653920 g^ + 800623600 g^° + ■ • • . 

We have checked that {A/',^°|n,n} = {-4, -4, -12, -48, -240, -1356, -8428, ■ ■ ■ } coincides 
with the genus zero, degree n instanton number of the local x 

6 Genus One Partition Functions 
6.1 Genus one potentials 

In general, the determination of the genus one potential Fi of a Calabi-Yau threefold X 
requires the knowledge of the discriminant loci of the Picard-Fuchs system, which repre- 
sent the singularities of the mirror complex moduli space M.{X*), and the identification of 
the power indices associated with each of the irreducible components of the discriminant 
loci 0, |16|. 
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For our case of the local Eg almost del Pezzo models, we find the following answers 
for the instanton parts: 



Eq: Fi^^ log 



Ei: Fi 

-^5,6,7,8 '■ Fi 
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where p :— pipir) — e'^'^^'^ip{T). The following identity will be used later: 
(1 + f:nc4T)z-^ (^) = exp ( - f: c„(r);.« 



(6.4) 



It would suffice here to fist the first four terms of the p-expansions of Fi. 
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where we recall p — P'^{t). We see that the genus one Gromov-Witten partition function 
takes the form predicted in (5.8), that is, 

^l;n=(^0;l)"t^'"Pl;n(e2,Z/-'), 

where Vi-n is a degree n polynomial in 62 and y^^. 

We will give the partition functions only for the E'j and models below. 

E-j model 



Z?i^YA'^{E2 + A\ 



7(7) 

^1:2 



4608 



{IQE^A^ + ?,&E2AB - AEiA^ + 21 + 27^1^5), 
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' 165888^ ^ ^ ^ 

+ gM^E + 2165^ + 315^2^12 - 32^^^), 

Z['^l = (82AA'^E^ + 8352 A^E^B - 2272A^E^ + 30312 A^E^B^ - 13176A'^E^B 

^'^ 63700992^ 2222 2 

+ 6528A^El - 9728A^E2 + UmAE2B^ - 8640A^E2B^ + 32112A^E2B + 6016A^ 
+ 196835^ + 30627^^^2 - 18720A^S + 39474^^^3), 

= (10970 A^E^ + U5800 A^E^B - A2350A^E^ - 1055250 A'^E^B^ 

^'^ 9555148800^ 2222 

+ 748350^2^^^2 + 151200^^^1 - 34580071^^2 + 1240650^^£;25 - 389250^^^2^5 
+ 323081 1^^£;2S2 - 1961316A^S£;2 + 507584A^£;2 + 2008395>1£;2S^ - 340032A^° 
+ 1930635^^5^ + 7290005^ + 2538540^^5^ - 2195397^^5^ + 1432080^1^5 
+ 1817100^25253 - 208440^^5253). 



Eg model 



yK") TP TP 

Z^^l = n^(9^4 + 24525456 + 105252 + 552), 

Z^l = g^^Qg^3g (4725|56 + 805| + 299525^ + 439525452 + 360525255 + 78535|), 

Z^l = j^^^^^^{37U8ElElE^, + 68768E2EiEe + 29920E2E,El + 138095| 

+ 577505^56^ + 174165^5^ + 45455^ + 167045|5^56 + 24725^5^), 
45 = ^(4102280525f52 + 80876552545^ + 13786005|5?53 + 1037605| 

^'^ 895795200^60 V ^46 ^ ^ 6 2 4 6 6 

+ 21110005|5|56 + 951950535|5g2 + 720057525J + 3389505|5| + 17495285|5e 
+ 329105|5| + 23405205|53 + 2916005^5^56). 
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6.2 Modular anomaly equation 



To get the modular anomaly equation of genus one [Il8|, we have only to notice that the 
genus one potential Fi has -E2(T)-dependence both through zi and through c„(r), where 
we are considering (dzi/dp) as a function of Zi and c„ by (6.4). 
The contribution of the former to the derivative {dFi/ dE2) is 

( dzi \ fdFA 1 



\dE2J \dzij 12h 
where we have used (5.5), while the latter 



iQ,z,)iQpF, 



-\ t (H) I; (I -4 + iog(i . I .c„4-)) ^ ^e,,e, . i,F„. 

Then we see that the anomaly equation for genus one takes the following form: 

\ 1 1 

which can be rewritten in terms of the Gromov-Witten partition functions as 

= ^ E E A;(^-A;)^/»;fc(r)^i-/,;n-fc(T) + ^n(n + l)Zo;„(r), 
which takes the from just predicted in (2.17). 

6.3 Elliptic instanton numbers 

Let -/V^^'m £ Z be the genus one instanton number of bidegree (n, m), and 

00 

Z'C^r) = Y: iVS^g"^ (6.6) 

m=0 

be its generating function. According to 0, we have the following decomposition of the 
genus one Gromov-Witten partition function: 

ZiAr) = E (^-i(A;)^i°f (A:r) + ^k'' Z'^^ (kr)^ . (6.7) 

k\n 

The inversion of this equation is given by 

(^) = E (a-iik)Z,,^{kr) - La_,[k)Zo,.{kT)) , (6.8) 

k\n 

where we have introduced the arithmetic functions ai{n) := I]m|n/^(^)/^(^/^)'^'- 

We give the generating functions of the genus one instanton numbers for each model. 
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model 

Zg* = -8 g4 - 32 - 80 - 192 - 464 - 1024 - 2080 , 

= 18 + 192 g^ + 1040 g^ + 4352 g^ + 15752 g^ + 51328 g^ + 153448 g^° + • • • , 

Zi^l* = -16 g^ - 384 g^ - 3920 g^ - 26848 g^ - 145440 g^ - 671936 g^ 
- 2754816 g^° , 

Z'^f = 5 g^ + 320 g^ + 6320 g^ + 71168 g^ + 577264 g^ + 3758848 g'^ + 20853184 g^° + • • • , 
Zff = -96 g^ - 4640 g^ - 93056 g^ - 1170496 g^ - 10922336 g'^ - 82513280 g^° . 

Eq model 

Zff = -6 g^ - 54 g^ - 162 g^ - 528 g^ - 1566 g^ - 3888 g* - 9414 g^ - 21870 g^° , 

Zg* = 9 g3 + 243 g^ + 2322 g^ + 13824 g^ + 68283 g^ + 290466 g^ + 1094580 g'' 
+ 3785940g^° + -- - , 

= _4 g3 _ ^4 _ 7290 g5 _ 85458 ^6 _ 700154 g^ - 4599990 g^ - 25682910 g^ 

- 126394182 g^^ , 

Zi°f = 135 g^ + 8262 g^ + 194532 g^ + 2729754 g^ + 27756027 g^ + 226001070 g'' 

+ 1557055332 gi° + -- - , 
Zg* = -3132 g^ - 185346 g^ - 4812210 g^ - 78689502 g® - 948813714 g^ 

- 9183023298 g^° . 

Ej model 

Zj^f = -4 g2 - 112 g^ - 564 g^ - 3056 g^ - 11108 g^ - 40528 g^ - 123112 g^ 

- 367552 g^ - 989236 g^° , 

Zi^'l* = 3 g^ + 336 g=^ + 9018 g^ + 101088 g^ + 862098 g^ + 5657664 g^ + 32067860 g^ 

+ 158512832 g'' + 712084479 g^° + • • • , 
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= -224 - 20496 - 640032 - 10716104 - 128761968 - 1208615256 q' 

- 9504050688 q^ - 64763400720 , 

Z'{]f = 12042 + 1116896 q^ + 41444664 q^ + 903550592 + 14095889180 q^ 
+ 172098048640 q^ + 1743551210128 + ■ ■ ■ , 
= -574896 q^ - 57707124 q^ - 2511634800 - 66979775872 g^ 

- 1286028782768 g^ - 19346827285068 g^° . 



£^8 model 

Zff = -2 g - 510 g^ - 11780 g^ - 142330 g^ - 1212930 g^ - 8207894 g^ - 46981540 g^ 

- 236385540 g^ - 1072489860 g^ - 4467531670 g^° , 

Zff = 762 g2 + 205320 g^ + 11361870 g^ + 317469648 g^ + 5863932540 g^ 

+ 81295293600 g^ + 909465990330 g^ + 8597134346400 g^ 

+ 70867771453026 g^° + ■ • • , 
Zgt = -246788 g^ - 76854240 g^ - 6912918432 g^ - 323516238180 q^ 

- 9882453271500 g^ - 221876231766660 g^ - 3933705832711600 g^ 

- 57747806496416088 g^° , 

Zff = 76413073 g^ + 27863327760 g^ + 3478600115600 g^ + 234196316814400 g^ 

+ 10330930335961770 g* + 332747064864457152 g^ 

+ 8378290954495817152 g^° + ■ ■ • , 
Zi°f = -23436186174 g^ - 9930641443350 g^ - 1585090167772500 g^ 



- 140688512133882000 g^ - 8255877490179586950 g^ 

- 353737948953627859770 g^° . 

We see that for the principal series, A^™^*„ coincides with the genus one, degree n instanton 
number of the En del Pezzo model first obtained in Ip4i. Genus one instanton numbers 



for the Eq model have been computed in [23 . 
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Eq model 

Zj°f = -18 - 72 - 252 - 774 - 2106 - 5292 q^ - 12564 q^ 

- 28278 , 

Zg* = 108 g^ + 1152 g^ + 7812 g^ + 41022 g*^ + 181656 g^ + 710856 g^ + 2526516 g^ 
+ 8310492gi° + --- , 

= -336 g^ - 7368 g^ - 85284 g^ - 700896 g^ - 4602090 g^ - 25679052 g* 

- 126406392 g^ - 562694940 g^° , 

Zi°f = 630 g^ + 26343 g^ + 496404 g^ + 6119388 g^ + 57190644 g^ + 437749110 g^ 

+ 2875241088 g^ + 16711846956 g^° + • • • , 
Zg* = -756 g^ - 59976 g^ - 1817298 g^ - 33012216 g^ - 430550244 g^ 

- 4429221912 g*^ - 38028172446 g^ - 282776491026 g^° . 

We have checked that {A^if|*,„} = {0, 0, -10, 231, -4452, ■ ■ ■ } coincides with the genus 
one, degree n instanton number of the model first obtained in [Q. 



El model 

Zpf = -16 g^ - 32g^ - 112 g^ - 224 g^ - 608 g^ - 1152 g^ - 2576 g^° , 

Zg* = 84 g^ + 424 g^ + 2264 g^ + 8176 g^ + 29364 g^ + 88416 g^ 

+ 260360 g^° + -- - , 
Zg* = -224 g^ - 2208 g^ - 17392 g^ - 95872 g^ - 467376 g^ - 1947008 g^ 

- 7471488 g^° , 

= 350 g^ + 6272 g^ + 72512 g^ + 576704 g^ + 3778068 g® + 20848384 g^ 
+ 102392928 gi° + -- - , 
Zg* = -336 g^ - 10976 g^ - 188880 g^ - 2130016 g^ - 18652816 g^ - 134027488 g^ 

- 833043952 gi° . 

We have checked that {A^i°|n,n} = {0, 0, 0, 9, 136, 1616, 17560, ■ ■ ■ } coincides with the 
genus one, degree n instanton number of the xP^ model listed in 0. 
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7 Higher Genus Partition Functions 



In contrast to the genus zero or genus one case, we cannot evaluate directly the higher 
genus Gromov-Witten partition functions However, the modular anomaly equation 
(2.17) invented in [|l^] is so powerful that it determines the partition function Z^'^J{t) up 
to finite constants. 

7.1 Partition functions as modular forms 

In this subsection, we propose a conjecture on the form of the partition functions Zg;„(r) 
of the six models in terms of the modular forms. 
First we define x^^'' ^oi each of the six models by 



9g6 



r7(r)3r7(3r)3 



iq4 



r7(r)2r^(2r)2' 



X^'\r 



Aq27]{2TY 
?7(r)4r/(4r)^ 

{8)r-^ 



x'^Kr) 



12 ■ 



Then we propose the conjectured forms of the partition functions of them: 



(7.1) 
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h4n(-^2 


[r) 


,A{r),B 


(r)), 
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h6n(-^2 
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,E,{t),E,{t)), 



(7.2) 
(7.3) 
(7.4) 
(7.5) 
(7.6) 
(7.7) 

where each p(^) is a polynomial over Q in three variables the subscript of which shows 
its weight as a quasi-modular form. 



El model We list the genus two partition functions of the Ei model. 



7(7) 



7(7) 
^2:2 



X 



5760 



X^ 



1658880 



A{6A^ + 3B + hEl + lOAEa), 

-64A^ + m^A^B + 2349A52 + igOEf ^2 + 30^0^^^ + SlQElAB 
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3 

zSs = o o . (10561^^ - 27183A^5 + 222723A^B^ + 273699^5^ + 4600^0^^ 

318504960 

- 5920ElA'^ + 36A80ElA'^B - 288EiA^B + 1058A0E^AB^ + 205AAEiA^ 
+ 200988E2B^A^ - 12100£;2A^ + 61704£;2>1^S + 103680£;2S^), 

Z^yi = ^ (-1622467^^ + 6147828^^5 - 5446746^^5^ + 33187428^^5^ 

^'^ 61152952320^ 

+ 26235333^5^ + 108800>1^£;| + 1236480£;^>1^5 - 280320£;^A^ + 7im24:E^A^B 
+ 5454720£;|5M2 + 1067008£;|A^ - 1639296£;^A^5 + 1937232Ei A^B"^ 

- 20449765|^^ + 1081728052^5^ + 1849860052^^5^ - 813156052^^5 
+ 2405440852^^5^ + 262504852 + 8048160525^), 

= ^ (-1420444805|y4^5 + 6218726405fy4*^5 - 3427718405|y4^52 

17612050268160^ 2^2 2 

+ 3556283045^^^ + 558374405|yl^5 + 3321705605^^^5^ + 99183744051^2^2 
+ 873400320525^ - 13258020965^^^5 + 72777528052^^52 + 14780620805^^5^ 

- 46251153652^^° + 23597883365^^^52 - 281000419252^^52 + 292244077^^^ 
+ 388798056052/125^ + 476280000052^^5^ + 193080268852^1^5 + 3804160A^5| 

- 1325620701^^^5 + 2471168610A^52 - 1132668090^^5^ + 6150153825^^5^ 
+ 3302730855 A55 - 144000005|>l6 + 621427205^/1^ - 1720198405|/1^). 



Es model We give the partition functions of genus up to five. 

^&' = T445^^^^^^ + '^2^' 

Z^l = 2073^5^(4175251 + I90525I + 540525456 + 2255252 + 3565256), 

4fi = ^^gg3^Q^36 (5755,^5| + 3040515156 + 46905254562 + 35485254^ + 16005^52 

+ 10176565|52 + 22315| + 52445^562), 
Z^l = 179159040^,48 (772805^^5651 + 209200525254 + 54776052565^ + 21481154^52 

+ 2039005256252 + 1032525|52 + 8272305625^52 + 102005^5^ + 5737556^52 
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= 128994508809^60 (15422230^6^-^4 + 43101209^6^^1 + 5522085^1 + 1903680i?6'^2 

+ 18947800£;|£;f £;6 + 17U920ElE^Ee + 50040570£;^£;|£;^ + 6480025£;^£;^£;^ 

+ 11149400£;|£;|£;^ + 8437860£;^£;4£;6 + 51231560EIeIE2 + i25An68ElEeE2 

+ 2482715E^E^ + 9555018EJE^ + 178320E^£;|), 

Zi^l = — -EMEe + 2IE2E4, + 35£;|), 

^'^ 362880(/?i2 4V e,^ 2 4^ 2). 

45 = 3^g3Q^gQ^24 (14984-^4^6^2 + 8925EiEl + 2275^2^2^ + 7560EIE,E, + 4725E2£;6' 

+ 3540£;^ + 407i£;4£;6), 

Z^^l = -(138104^^^6 + 224024^6^1^1 + 36400S^E^^6 + 22U56EIE^E2 

209018880^36 V 4 b 6 4 2 2 4 6 4 6 2 

+ 49584£;4£;3 + 68460£;^£;4£^6 + 55QQ6ElEj + 6Q55EIeI + 97431EIE2 
+ 33600ElEi), 

^3-1 = nnona,L,an 48 (28134630^1 + 151049093^4^^^ + 25488295^4^6 + 966630^1^1 
90296156160^3 

+ 189296376E6^£;|£;2 + 8172360£;|E6E| + 31388000E|E^E4 + 88718416£;|E6£;4 
+ 24977155£;^£;^£;| + 13366787£;|£;| + 12119625£;^£;2^ + 137926976£;|£;^£;2 

+ 51557313E|E^ + 192353224£;|E6^2), 

45 = 1 -(274848600£;l£;4 + 2868277704£;|£;f + 1662616800£;6£^J 

^'^ 1083553873920^60^ 6 4 6 4 6 4 

+ 635585864£;|£;|£;6 + 323470350£;f £;4£;6 + 349176520£;^£;|£;^ + 41643000£;^£;l£;6 
+ 2109910578^1^^^1 + 174368705^2^^|^6^ + 3866100^^^1 + 101077200^^^2^ 
+ 424873884£;j£;^ + 1739056502£;^£;|£;2 + 5180110741£;2£;|£;2 + 70310947£;^£;2^ 
+ 3045375 184£;^£;|£;^ + 2693483096£;^£;6£;2 + 696828225£;|£;2), 

Z^} = 8709i200(/pi2 ^^^^^^^' + + 210^1^4 + 175^2^), 

= 209018^00^^^^^^°^'^' + 112540£;2^£;42£;6 + 45185£;f£;| + 7385£;l£;2^ 
+ 28350E^E4^6 + 23625^1^2 + 61065^2^4^6 + 6300E^ + 49402E6£;|), 

Z^l = 75246796800yp36 (3164700£;2^£;4£;6^ + 8993259£;|£;2' + 14111840£;6'£;| + 806400£;6^ 
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+ 25171632E2E6Ej + 13855280ElEfiEl + 8963520 E2EIE4: + 20A53520EiE^Ej 
+ 4014627^;^ + 208985EfE| + 2016000^e^^2^ + 1417920^1^2^6 + 2638125^^^^), 
S = 34^yygQ3gQgoo^48 (3336940980£;|£;|£;6' + 7817234620£;2£;|£;1 + 3248768730£;6^£;| 
+ 5085796952EiElEe + 101280375£;^ + 3550525000EIeIeI + 1290318725£;2£;4^6 
+ 936363912EfE| + 1481276055^1^2 + 2912603799^^^6 + 1216807640^^^^^6 
+ 152620090£;|£;| + 78676080£;|£;6^| + 410158000£;^£;|£;4 + 274844990£;|£;^£;| 
+ 8381520£;2^£;^ + 202702500£;^£;|), 

'S = 52010585948160^60 ^^^^^^^^^^^°^^'^^^^ + 8944068536^2^^1^6 + 1167070464^^ 
+ 2035152000£;^£;| + 436442 160£;j£;^£;6 + 854577430£;^£;| + 114133172104£;^£;^ 
+ 183172864792£;^£;^£;2 + 36942885£;|£;| + 5146355025£;^£;4£;6 + 11890359900^;^ 
+ 745550088 lEjE^ + 23616142080^^^2^ + 6090266680 1^^^| + 2043907670EfE|£;2 
+ 4688369560£;|£;|£;^ + 54769592870£;^£;|£;^ ^ 66152468720£;^£;|£;^ 

+ 60955 175392£;^£;6£;| + i09420i06696£;6£;l£;2 + noihimiMElElEl 

+ 35736239660E^E^E^), 
tl = ii496038400(/p^2 ^^^^^^^^^^ + 429£;2£;2 + 440£;22£;6 + 770£;|£;4 + 385£;|), 

= 3310859059200^^2^ (4510275^2'^! + 10553400^2^^ + 2494800^^^2 + 3358995i?| 
+ 14869360£;|£;|£;6 + 12090870£;2£;4£;2 + 19568568£;6£;|£;2 + 22Ah?>2QElEiEQ 
+ 1Q83121 ElEl + 512050£;|£;| + 2338875£;|£;^), 

tl = (935093824^2^^^2 + 233170300^^^6^1 + 296640960^22^1^4 

^'^ 9932577177600(^736^ ^ 4 i 204 264 

+ 837550728£;|£;6£;| + 453680480£;|£;^£;| + 16385600£;^£;|£;6 + A2hl?,2AQElEiEl 

+ 201151929E|E^ + 36275085£;2^^4 + 53222400£;^£;2 + 266767491£;^£;2 

+ 405268284^1^6 + 268326944£;|E3 + 33264000^^^^ + 2155615Ej£;|), 

= ^- ^(12207942670£;f£;| + 523849095£;|£;f + 156150752805£;f 

2860582227148800yj48^ 24 24 4 

+ 113811930320S|E^£'6 + 1311485716360E4^E6£;2 + 1760563778482£;2£'62£;1 
+ 286289201000^2^4^^ + 381058740370^^^1^62 + 1449394307792^^^1^2 



7(8) 
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+ 1106487740990^2^^ + 44575839000^1^2 + 109025587484£;fE| 

+ 774483173328£;|E|E6 + 531170439360£^|£'2£;3 + 5431290480^2^^6^1 

+ 37160939200^1^1^4 + 337421738130EJE| + 21439577390^^^1^^ 

+ 22344052500^^^2^ + 344998537324^^^^), 

ZB = ]- -(31511006810584E^E^ + 177751951656248Ei?E| 

^'^ 102980960177356800(^60 V 6 4 6 4 



+ 78175349827680^6^1 + 344664297670£;|EJ + 21179704043952^^^2^ 

+ 4104656416113^1^2^ + 41030103891064^^^6^2 + 1264302270000E^E^ 

+ 2891093990400^^^2 + 31336414684620^^^2 + 155081412353885^^^1^2 

+ 296146234031236^2^1^2 + 43310617469240E|E|E^ + 19202491494120^1^^^^ 

+ 46735606475470^^^2^1 + 2649529315125£;|E4£^6 + 154506124080^^^^^6 

+ 803244450470EJE|E2 + 4107192009800^^^1^6 + 2083500320440^^^2^^ 

+ 149437965048686^62^1^^ + 21211745049000^6^^4^2 + 144355295784864^6^1^2 

+ 11970104685E|E| + 236773842080568E3£;^E22). 



7.2 Gopakumar— Vafa invariants 

We can extract from the higher genus Gromov-Witten partition function Zg-n an impor- 
tant integer-invariants, the Gopakumar- Vafa invariants [|1^, which we will explain very 
briefly. For more details on this subject, see |jl8|, ^, |19|, pT| . 

Let us first consider a BPS state in M theory compactified on a Calabi-Yau threefold 
X which is realized by the M2-brane wrapped around a holomorphic curve C. In addition 
to the Abelian gauge charge corresponding to the homology class [C] G H2{X), such a 
state carries also a quantum number of the 5D little group S'0(4) = SU{2)lX SU{2)b.- 

To clarify the origin of the Lorentz quantum number, let M.phe the moduli space of 
curves in X with a fixed homology class (3 G H2{X), and tt: —>■ M.^ the extended 
moduli space with its Jacobian fibration, which means that M. p parametrizes all the pairs 
of a curve of the fixed homology class (3 and a flat line bundle on it. Namely, TVI/j is the 
appropriate moduli space for a BPS M2 brane with its Abelian charge fixed. 
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The BPS states for this degree of freedom arise from quantization of the moduh space, 
that is, the cohomology group H*{Aii3; C) represented by the harmonic differential forms. 
The SU (2) L and SU (2)/? Lorentz quantum numbers come from the Lefshetz SU (2) actions 
for the fibre and base direction of the Jacobian fibration it : jCip —* Aii^ respectively. 

We take the following representation of the Lorentz spin content of the BPS states 
with fixed /3: 

H*{Mf,; C) = ^ 4 ® Uf,,f,, 4 := [V^% © 2^0^]'''' , 

h=0 

where g is the maximum value of the genus that a curve of the fixed homology class (3 
can have, and Vj the irreducible SU{2) module of spin j. Let Uh^/s = ®jNh,j;pVf' be 
the irreducible decomposition of the SU{2)r module above. Then Nhj-p G Z>o is the 
multiplicity of the BPS states with the SO {4) Lorentz quantum number 4+i ® Vf^ and 
the Abelian gauge charge /3 G H2{X). 

The Gopakumar-Vafa invariant N^^^ with fixed h & Z and j3 G H2{X) is then given 
by the index with respect to the SU{2)r on Uh-p, that is, A^^^ := e2'^^J(2j + l)A^;,j.^. 

It has been found in [|l^ that the instanton part of the full partition function of IIA 
topological string on X [R| can be obtained by 



oo oo oo -| 

g=0 peH2{X) h=Om=l 



2 sm , 

V 2 ^ 



mx s 2h 2 



g27rim( J,/3) ^ 



where J G H^{X; C) is the complexified Kahler class of X. 

From now on we turn to the investigation of the Gopakumar-Vafa invariants of one of 
the six local two-parameter models of the Eg almost del Pezzo surface. First let Ng.^ ^ be 
the Gopakumar-Vafa invariant of genus g and bidegree {n,m), and define its generating 
function by 

oo 

Z^:'nir) = E KlmQ""- (7-9) 

m=0 

We can show from (7.8) that the partition function of the genus g Gromov-Witten 
invariants Zg.„(r) admits the following decomposition into the generating functions of 
Gopakumar-Vafa invariants of genus h < g: 

Z,Ar) = E P,,kT.k''-'Z-l{kT), (7.10) 

h=Q k\n 
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where j3g^h is the rational number defined by the following expansion: 



Note that /3g^o coincides with the one given earlier in (2.22). 

Now we give the Mobius inversion formula of (7.10) following |^ Prop.2.1]. To this 
end, let us first define the rational number ag^h by 

The Mobius inversion for the Gopakumar-Vafa invariants can then be written as 

Z^lir) = t ag,,j:mk''-'Z,,.{kT). (7.13) 

h=0 k\n 

Let us take the model and substitute the leading term (2.22) of the partition function 
in (7.13). Then we see for each {g,n) ^ (0, 1), 

Z^;'n^'\r) = ^a,,./5Mn^'-'E/^(^) + 0(g") = 0{q"). (7.14) 

h=0 k\n 

To be more explicit, we describe below the decompositions of the Gromov-Witten 
partition functions Zg;„(r) into the generating functions of Gopakumar-Vafa invariants 
Zg^ij) (7.10) and their Mobius inversions (7.13) for lower genera. 

Genus zero For the genus zero case, (7.10) and (7.13) read 

k\n k\n 

which shows that ZI^^{t) = Z^^(r), that is, the genus zero Gopakumar-Vafa invariants 
are nothing but the numbers of rational instantons. 

Genus one For the genus one cases, we have 

k\n 

ZZi^) =11 m (k-'Z,,.{kr) -l^k-'Z,,.{kT] 

k\n 
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The transformation formulae between Z^.^ and Zf^^ are 

Z^ir) = E^i-f (^^)' ^S*(^) = E/^(^) Zflikr). (7.15) 

fc|n k\n 

Genus two For the genus two case, 

Z2Ar) = E A: (^||(fcr) + ^Z^ikr)^ , 

Z^r) =T.f^ik) {kZ,,f{kr) " ^ ^"'^0;f (A:r)) . 

On the other hand, we have also the genus two instanton numbers A^^^l^ [S i'^-'^)]^ 
generating function of which Z^^^{t) = J2m=o ^2^n,mQ"^ is defined through 

^2;n(r) = 4^(r) + ^ E kZ-^likr). 

k\n 

We see that the two partition functions Z^^(r) and Z^^{t) are related each other by 

Z'Ci^) = Y.kZ^{kTl Z-1{t) =Y.mkZ'^f{kr). (7.16) 

fe|n k\n 

Genus three Finally for the genus three case, 

Z.Ar) = T.k' (Z^ikr) - 1 Z||(A:r) + -L Z^{kr] 



k\n 



1 SI 
^3;nW = E/^(^) (^'^3;f (fcr) + - A;Z2;.(fcr) -^^k-'Zo..{kr] 



k\n 



The formula (7.13) enables us to convert the Gromov-Witten partition function Zg;„(r) 
to the generating function of the Gopakumar-Vafa invariants Z^^(r). Let Ng^i^B^) be 
the Gopakumar-Vafa invariant of the local En del Pezzo model of genus g and degree 
n. Based on the calculation of several Z^.J^^t) using (7.13), we propose the following 
conjecture for the Gopakumar-Vafa invariants of the local Eg del Pezzo models: 

Eo: iV,%,. = iV-(p2), (7.17) 

^^i: N-;^2n,n = N^-:niP'xP'), (7-18) 

En: iV«::,„ = iV«^(i?^), iV = 5,6,7,8. (7.19) 
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It should be noted that the evaluation of the left hand side is much easier than that of the 
right hand side [^]. We will show some examples of ^^^(t) below to see the integrality 
of their g-expansions. 

£^7 model We give the genus two Gopakumar-Vafa generating functions. 

Z^^ = 6q^ + 168 + 860 + 4976 + 18660 q^ + 72160 q^ + 226952 
+ 712128 + , 

= -580 - 12224 g^ - 171192 g^ - 1520960 g^ - 11191692 g*^ - 67475456 g^ 

- 361410816 g^° , 

Z^^ = 986 g^ + 90952 g^ + 2505136 g^ + 43815752 g^ + 539969082 g^ 
+ 5314601592 g^ + 43546643132 g^° + • • ■ , 

= -844 g^ - 219392 g^ - 14554008 g^ - 456217600 g^ - 9386376248 g^ 

- 142590577280 g^ - 1733995192624 g^° , 

= 116880 g^ + 22288580 g^ + 1484462912 g^ + 53446857696 g* 
+ 1298602990944 g^ + 23677762683308 g^° + ■ • • . 



Eg model We give only the genus two and three cases. 

Z°^ = 3 g^ + 772 g^ + 19467 g^ + 257796 g^ + 2391067 g^ + 17484012 g^ + 107445366 g^ 

+ 577157904 g^ + 2782194327 g^° + ■ ■ • , 
Z^^ = -4 g2 _ 25604 g^ - 3075138 g^ - 135430120 g^ - 3449998524 g^ - 61300761264 g^ 

- 839145842528 g® - 9401698267600 g^ - 89741934231984 g^° , 

Z^^ = 30464 g3 + 26356767 g^ + 4012587684 g^ + 267561063651 g^ + 10669237946340 g^ 

+ 296540296415919 g^ + 6281046300189120 g^ + 107386914608369634 g^° + ■ ■ ■ , 
Z°^ = -26631112 g^ - 18669096840 g^ - 3493725635712 g^ - 315335792669280 g^ 

- 17502072462748056 g* - 680822976267281568 g^ - 20119222969453708672 q^° 

- 476723960943969692160 g^^ , 
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= 16150498760 + 11074858711765 g'^ + 2457788116576020 
+ 280285943363605460 + 20134110289153178480 
+ 1021994028815246670450 + • ■ • , 
Z^.J = -Aq^ - 1038 q^ - 28200 q^ - 403530 q^ - 4027020 - 31528152 g^ 

- 206468416 g^ - 1176822312 g^° , 

Z^l = 1296 g^ + 494144 g^ + 38004700 g^ + 1400424188 g^ + 32782202520 g^ 
+ 559061195716 g^ + 7518370093000 g^ + 83886353406048 g^° 
+ 804126968489640 g" + ■ • ■ , 

Z^^ = -1548 g^ - 5707354 g^ - 1607880090 g^ - 158684891624 g^ - 8435743979080 q 

- 294159368706504 g^ - 7512935612951670 g^ - 150615781749573158 g^° 

- 2483798853495519960 g^^ , 

Zg^X = 5889840 g^ + 8744913564 g^ + 2548788575530 g^ + 314635716180400 g^ 

+ 22243167756986804 g^ + 1053665475134158016 g^ + 36762786441521664780 g^^ 
+ 1005501515252382449280 g^^ + ■ ■ ■ , 

Z^.J = -7785768630 g^ - 8996745286730 g^ - 2835031032258700 g^ 
-420624614518458350 g^ - 37292995978411176810 g^ 

- 2255647477866896285790 g^°- 101168121676653460498460 g^^ . 



7.3 Partition functions as Jacobi forms 

The solution (2.20) of the modular anomaly equation (2.17) implies that the partition 
function Zg.„(r|/i) is completely determined only if we could fix the anomaly-free part 
of its numerator (2.10), T^.„(r|/i), which is an Weyl-invariant Jacobi form of weight 
2g — 2 + 6n and index n. We introduce here some notation: let J[^{E^) be the space of the 
-Eg Weyl-invariant Jacobi forms of weight k and index n for a modular group F C SL{2; Z); 
J^^{E^) := 0fc „ J[^{E^) the total space of such forms, which has a structure of a graded 
M=K (r')-algebra. Unfortunately, we do not have the generators of ^7*,* ' (-^^s) 10 to fix 
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T°.„(r|/i) up to finite unknown coefficients. 

However a powerful method to generate 
theta function Oes has been used to obtain To.„(r|/i) for n = 2, 3, 4 in |2 



However a powerful method to generate certain elements of J'^^1'^'^''^\e^) from the 



We will now explain the method. First, we note that ©^^(rlyu) := 0Ef,{nT\n^) is an 
element oi J[°}'^\Es). Secondly, the slash action of 7 G SL{2- Z) on G{t\^i) e J[^„^^\Es) 
is defined by 



vrimc , , , 



cT+a 



G 



ar+b 



CT + d 



CT+dr \c dj 



which satisfies (^171)172 = G|(7i72)- Note that G\'y = G for any 7 G FQ^n) by defi- 
nition, and G G J'^^'^''^\Es) if and only if GI7 = G for any 7 G S'L(2; Z). Thirdly, 
consider the coset space rQ{n)\SL{2; Z), on which SL{2; Z) acts as permutation from 
the right, and the cardinality of which is c{n) := nYlp^j-^{l + p"^); in particular we 



can take {I,T,TS, . . . ,TSp ^} as its representatives if n = p is prime |37]. Then for 
/(r) G Mfc(ro(n)), we define cr(")(/)(r|/i) by 

c(n) 

a=0 7ero(n)\5L(2;Z) 

that is, cr^"^(/) is the ath basic symmetric polynomial in {{fO^^^l'y)}. From the argument 
above, we can see that cr^\f) G J'a{k+i)'ini-^s)- Note in particular that cri^\l) is the 
rath Hecke transform of Oes- More generally, we can see that any permutation invariant 
combination gives an element of J'f^*^'^''^\Es); for example, if fi G Mk-{rQ{n)) for i = 1,2, 
then E^ifiO'^Esb) ■ (/202l7) is an element of J8+fci+?2,2n(^8), and so on. 



We will now determine doubly winding partition functions T°.2(r|yu) G i72g+?d^H-^' 
for lower gs based on the assumption that they are obtained by the procedure that we have 
just explained above. We need to consider only cr^'' : M^{ro{2)) J'^_^}'^2'^\Es), which 
is a homomorphism of M,,(S'L(2; Z))-modules. It turns out that T°.2 should be found 
in the free M^{SL{2; Z))-module generated by the three elements a^\AB), a^^\B'^) and 
a^\B) = [OEiiY] we do not use (Ji'\l) and ai'\A) as generators because the g-expansion 
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of them specialized to the four En^-j^s models has a pole; for model, for example. 



af^(l)(4r|™5) = 2 



af)(A)(4r|™5) = -7 



(9^3(2r)^ + ^4(2r)^), 



(15^93(2r)^ + 26t94(2r)^?93(2r)^ - M^^Y 



4 \M'^r)^M'^ry / 
Incidentally, AB and B^ can be expanded as 

AB = liE^A + Eq), B^ = ]-{4EeA + 3E4B + 2El). 

We list the result of our fitting including the fundamental result of Tq.2 in [^] : 



n,2 = Y^^?\AB), 



rpO 

1;2 

rpO 
1 n.n 



576 
1 



E,{OE,r + Qa?\B')^ 

2QEeiOEsf + QSE,a^^\AB)] , 

U^EKOes? + 832Eea^^\AB) + 1260E4Cx[^\b^) 



Tl 



51840 
1 



3;2 



4:2 



11612160 
1 

1045094400 
1 



6692^4^6 (SIe J ^ + l3m'dElaf\AB) + 7560E6<^(5 



5:2 



(603615^1 + 523520E^)(6»f;g)^ + 2249856^4^6(^P^(^5) 



J- a- 



6:2 



rpO 



1655429529600 
+1844370E^o-f^(52 

1 

~ 1506440871936000 
+ (185440941^^ + 61328640£'62)af ^(Afi) + 180540360^4^6^^^(5 

^ '(29263609055^ + 5O95O6816O54£;62)(0£;3) 



(7.21) 



1 232903985^56 (0£g) 



867709942235136000 

n2z7 ^(2) 



+160427208965|56<^(A5) + (87452492405| + 33588172805^)(Tf ^(5^^ 



It is then easy to recover Zg-2{T\fJ') by the solution (2.21) of the modular anomaly equa- 
tion. As a consistency check of our procedure, we can look into the integrality of the 
Gopakumar-Vafa invariants; indeed for the E^ model, we have 

Z3°2 (r) = 5q^ + 560 + 18350 + 240736 + 2479193 + ■ ■ ■ , 

Z^^^'^^t) on« ^6 010/10^7 QK/inoo^S qc;'7C«0/1 ^9 on/l /I c;n«c ^10 



-896 q" - 21248 q' - 354032 g» - 3578624 q" - 30445968 q'" + 
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Zl]P^ (r) = 7 + 784 + 30124 + 443392 + 5276873 + ■ ■ ■ , 

Z6';2^^V) = -1228 g® - 32064 g9 - 617904 g^° - 6946048 g" - 66942248 g^^ , 

Z'^l^'^^ (r) = 9 g® + 1008 g^ + 44450 g^° + 720928 g^^ + 9741094 g^^ + ■ ■ ■ . 



We also find the triply winding partition function in the same manner: 



-^0:3 



20af ^(i/^) + 972r/'Vr(l) - ZE^iQE. 



24„(3), 



864 
1 

2592 



where T^g is again the result of ||27| 



8 Seiberg— Witten Curve 

8.1 Periods of rational elliptic surfaces 

Local mirror of the IIA string on K^^ with the Kahler moduli (2.5) is the JIB string on 



the degenerate Calabi-Yau threefold given by the two equations in (x, y, x, y, u) 



[yf = 4{xf - f{u; r, fi)x - g{u; r, /i), 
xy = u — u*, 



(8.1) 



where the first equation (8.1) itself describes the family of rational elliptic surfaces 5*9 in 
Weierstrass form, the nine moduli (r, fi) of which should be encoded as 



1=0 
6 



8 



g{u; r, /i) = ^ g6-i{r, fJ,)u\ goir) = —t:^Eq{t) 



(8.21 



(8.3) 



The determination of the precise forms of / and g for given moduli (r, fi) will be discussed 
in section |^. The base of the elliptic fibration vr : i— > is the w-plane and we have 
a rational two-form i7 = dx/y A du on it inherited from the holomorphic three-form 
f] A dx/x on the Calabi-Yau threefold through the Poincare residue. Note that the pair 
5*9 given by (8.1) and f] is nothing but the ingredients of the Seiberg- Witten curve 
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that describes 4D E-string |T0|, |T^. There exists a C*-action on Sg which preserves the 
two-form i7 [HI], 



(x, y, u) ^ (A^x, \^y, Am), A G C*. (8.4) 

Let Eu '■= 71^^ (u) be the fiber at u; the leading terms /o and Qq are fixed by the 
physical requirement that Eoo, the fiber at infinity, has the modulus r. 

Let us introduce the coordinates at u = oo hj {x,y,t) = (xu'^,yu^, l/u), in terms of 
which the defining equation of E^o can be written in a canonical form: 

E^: y' = 4x'-fo{r)x-go{r). (8.5) 

There exits a pair of one-cycles on E^o (a,/?) such that 

dx ^ f dx 



T. (8.6) 

ay Ji3 y 

The rational two-form i7 now takes the form i7 = dt/t Adx/y, from which we see that 
the Poincae residue of f2 along Eoo is nothing but the canonical one- form on Eoo'. 

d T 

ResE^{f2) = —. (8.7) 

y 

We can identify E^o with the complex torus C/(Zr + Z) through the uniformization 
{x,y) = (p(r|z/), p'(r|z/)), where z/ is the coordinate of the covering space C of the torus 
and the Weierstrass p function is defined by 



Z/2 



(l/ — lS)^ Up- 



Note that dxjy is pulled-back by this isomorphism to dz/, which makes (8.6) rather triv- 
ial. The point v mod Zr + Z of the torus will be frequently used to refer to the point 
(p(r|z/), <p'{t\v)) of below. 

We also introduce the homogeneous coordinates {xq,x\,X2) of with x = xi/xq, 
y = X2/XQ, so that we can realize E^o as a plane curve defined by the ternary cubic P: 

P{xo, xi, X2) ■■= XqxI - Axl + /o(r)xoXi + fi'o(r)x|j. (8.8) 

The twelve normalized periods (1, r, cr, fi, daFo) of the E-string can be obtained as the 



periods of the Seiberg-Witten curve (8.1) |T0|, |T|, H, ||, |3, . 
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To see this, let {a{u), P{u)) be the standard symplectic basis of the fiber Hi{Eu) which 
extends the one at m = oo. It is clear from (8.6) and (8.7) that the two periods 1, 

r can be recovered by the integrals p^ : 



l = -—<f dui ^, r = -—i dui ^. (8.9) 
27ri Ju=oo Ja{u) y 27ri Ju=oo Ji3{u) y 

Evaluation of the Wilson lines ^ = /ijCJi needs a more careful study of periods, 
since it deals with a seemingly divergent integral due to the pole of i7. 

Notice first that i7 is a holomorphic two-form on Sg—Eao- Then we are naturally lead 
to define the period map g of il by 



g: H2{S,-E^) C, x{D) ■= 7^ f ^- 
The non-trivial part of the homology exact sequence of the pair {Sg, Sg — Eoo)'- 

■ ■ ■ * Hi{Sg — Eoo) * Hi{Sg) > Hi{Sg, Sg — Eao) ^ (Sg — i?oo) > " " " , 

can be written as 

^ H,{E^) ^ H2{Sg-E^) ^ H^iSg) ^ Ho{E^) 0, (8.10) 

where we used the Poincare duality Hi{Sg, Sg — Eoo) = H^~'^{Eoo) and Hi{Sg — Eoo) = 0. 

There are two points: first, d^a and d^P are just the elements of H2{Sg—Eoo) appeared 
in (8.9), from which it follows immediately that g{d^:a) = 1, and g{d^:j3) = r, that is, g- 
is nothing but the period map of E^o by dx/y; second, j* : H2{Sg) Ho{Eoo) — Z simply 
counts the intersection number of a divisor with E^o- As the homology class of E^o is [6], 
we see that Ker j,,, = Imi.,, can be identified with L{E^g^). 

We conclude that g induces the homomorphism of additive groups: 

^ : L(£;^^^) ^ C mod Zr + Z. (8.11) 

In other words, we can regularize systematically the integral of the rational form i? over 
L{E^^) at the expense of the additive ambiguity Zr + Z. 

It is possible to describe x quite explicitly in terms of the moduli of 5*9 . Let pi : = 
(p(r|z/j), p'(r|z/j)) be the intersection point in Sg of Eoo with the ith exceptional divisor 
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£i. Then the rational elhptic surface is obtained by blow-up of at these nine points, 
which also satisfy 

9 

^z/i = mod Zr + Z (8.12) 

i=l 

because they are the intersection points of two cubics in P^, that is, there exists another 
cubic Q such that [ui] = {P = 0} n{Q = 0}. The rational elliptic surface Sg in question 
is then expressed as the hypersurface P + tQ = in P^ x P^; this is the same as the 
realization of the Eq model, but it is the complex structure that matters here. 
We can show that g is given by |26|, |34 



g{Si-Sj) = 1^1- Uj, (8.13) 
g{l-Si-Sj-Sk) = -Vi - - Vk, (8.14) 

where z/jS are defined only up to addition of Zr + Z. 

Let us see how (8.13) is obtained. Choose a path 7j ,,• which connects pj and pi on 
Eoo and let Tjj be a closed tubular neighbourhood of 7jj- in Sg — Eoo, such that each of 
Si n Tij = Di and Sj fl Tij = Dj is its fiber. Then (Si—Di) U dTij U [Sj—Dj) becomes an 
oriented topological manifold homologous to Si — Sj and disjoint from Eoo- In physical 
terms, dTij is a "wormhole" connecting the two "universes" Si and Sj, with the singular 
points Pi, Pj replaced by a "black and white hole". Now the evaluation of the left hand 
side of (8.13) proceeds as follows: 

which yields precisely the right hand side of (8.13), the ambiguity of which comes from 
the choice of the path •jij. 

As for (8.14), we first combine the divisor in question as {I — Si — Sj) — Sk- We can 
then take as / the transform of the line on P^ that passes through the two points {piiPj}- 
Now we see that {I — Si — Sj) is an effective curve intersecting with E^o at -pi—pj, the 
coordinates of which are (p(r|i/), p'(r|z/)), with z/ z/j. At this point, the problem 
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is reduced to (8.13), so that (8.14) follows. We note that as a consequence of (8.14), 



g{[6]) = q{1-£i-£2-£^) + Q{l-£^-£r,-£^) + g{l-£,-£^-£^) 

9 

= - ^ z/j = mod Zr + Z, 

i=l 

which is consistent with the fact that we can take a generic fiber Eu as a representative 
of [5], thus f^\Eu vanishes identically, since is a holomorphic curve disjoint from E^o. 

We do not have much to say about the Seiberg-Witten periods ||5S[, a and OcEq. These 
are not periods of 5*9 in the sense above, and roughly given by 

f d i 1 / OEq \ [ d i I f 

J Ja{u) y ' (27ri)2 \d(r J J v/3(«) y Ja{u) y j ' 

a detailed account of which we have already given for the six two-parameter models in 
(4.65), (4.66) and (4.67) for a and in (4.69), (4.70), and (4.71) for S^Fq, with the corre- 
spondence of the bare parameters Zi oc in mind. Explicit evaluation and instanton 
expansion of these Seiberg-Witten integrals in terms of modular forms has been done for 



the £^8 model in [g9| 



8.2 Wilson lines 



Based on the results in the last subsection, we find the Wilson lines ||3^, |T0|, |T2|, ^ to be 



ZTTl I —Ui — 1^2 — ^3, i = 8, 



where [oj] G H2{Sg) is defined in (2.3). 

The Euclidean coordinates (2.6) of the Wilson lines (m^) and the base points of the 
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cubic pencil z/j = E^o fl Si are related to each other by 
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(8.16) 
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9 Inverse Problem 
9.1 General strategy 

We are interested in the following problem: given the eight Wilson lines fi = I]f=i f^i^i, or 
equivalently the nine points on the torus C/(Zr+Z), which satisfy (8.12), find the 

corresponding Seiberg-Witten curve (8.1). In other words, we want to know explicitly 
the two functions /(u; r, /x) in (8.2) and g{u; r, fi) in (8.3) as functions of the moduh. 

We will solve this problem in two steps [0: in the first step, we obtain the cubic pencil 
P + tQ in P2 for the given base points (z/,), which is achieved by consideration based on 
the elliptic function theory; and in the second step, we transform the cubic pencil into 
the Weierstrass form (8.1), with the help of the classical theory of algebraic invariants. 

First step We claim that the curve defined by the cubic Q{xo,xi,X2) shown below 
passes through the nine points {(1, p(r|z/j), p'(r|z/j))}, where (z/j) are taken to be generic 
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except (8.12): 



Xq XqXi XqX2 XqX^ X0X1X2 



(9.1) 



22 2 s 

dj\jjU'2 Ju\Ju<2 ^'2 

P2y PIp'2 P2{p'2? ip2f 

p'sY pIp's Psip's? (p'sf 

Q= I pi p'i pI pip'i {p'if plp'i piip'if {p'if 

p'^f pIp'^ p^p'^f {p'^f 

p'&f pIp'% p^{p'%f {p'&f 

P'7? pWi pAp'i? {Pt? 

P's? pIp's Psip's? {p'sf 

where we have used the abbreviated notation pi = p(r|i/j), = p'(r|z/j). 

The proof is quite simple if we recall some fundamental theorems of the elliptic function 
theory pO||; first /i(T|z/) := Q{1, p(r|z/), p'(r|z/)) is an elliptic function with the only pole of 
ninth order at u = 0; then as /i(T|z/) has eight simple zeros at z/ = i/i, . . . , z/g by construction, 
the ninth zero should be z/= — = ^9- 

In fact, /i(T|z/) admits the following concise expression P0| , III, p. 98-99]: 
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(9.2) 



where o"(r|z/) is the Weierstrass sigma function 



" n' 

a;GZT+Z 



2tx 



The E^ij) factors in the sigma functions cancel out in (9.2). Curiously, we encounter the 
same function '(9i(r|z/)/?7(r)^ as in (2.16). 

The cubic curve (5 = intersects with at the nine points {(1, pj, p'^j). Note that 
Q never coincides with the original cubic P since Q lacks the x\ term |T2| . 

Therefore we have found for the given moduli parameters (r, /i) the rational elliptic 
surface 6*9 in the form of a cubic pencil P + tQ, where P is given in (8.8) and Q in (9.1). 

If (z/j) are not generic, e.g., if Vi = uj, then the right hand side of (9.1) vanishes iden- 
tically. However an appropriate limiting procedure such as uj — > z/j should still produce 
a non-trivial solution. In fact, in the following subsection we treat several models with 
degenerate Wilson line parameters, where Q factorizes into lower degree polynomials. 
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Second step What is really in need is the Seiberg-Witten form (8.1) of 5*9, which is 
given by the cubic pencil at this point. In principle, we can find a coordinate transfor- 
mation of {xo,xi,X2) by GL{3; C) which takes the cubic pencil P + tQ above into the 
Weierstrass form |jl2||, but it seems very difficult to perform this task in general. We can 



in fact skip this difficulty to reach the Weierstrass form (8.1) directly. 

To see this, first recall that there exists a natural action of GL{3; C) on the space of 
the ternary cubic forms, a general member R of which we write as 

R = ( rilnlVl ) ^pgr Xo^lX2- (9.3) 

It is well-known that the ring of the projective invariants are the polynomial ring over C 
generated by the two basic invariants S and T, that is, (C[apgr])^'^^*-^'*"'* = C[5, T] which 



can be obtained by the formula |jT5|, II. 7]: 



Hess I aR + ^Hess(i?) I = (432 + 1728 P^S"^ - 216 ap'^T] R 



a3 + 2/?=^T -12 a/325 )Hess(i?), (9.4) 



36 ' 'J 



where Hess(-R) := \ {didjR) \ is the Hessian of i?, which is another cubic. We give in (A.l) 
and (A. 2) the explicit forms of these two invariants, which indeed coincide with those in 
H, Prop.4.4.7] and |3|, Exm.4.5.3]. 

Any generic cubic R can then be transformed by GLi?)] C) to the Weierstrass form: 

27 27 

R ^ xIxq - Axl + fxixl + gxl, f = —S, g = —T. (9.5) 

This technique enables us to find the Seiberg-Witten form (8.1) of the rational elliptic 
surface 5*9 given by a cubic pencil P + tQ. 



Fixed Wilson lines In the remaining of this subsection, we take two models with fixed 
Wilson lines as a warming-up exercise. 

Let us first take the £^8 niodel the Wilson lines of which are Ui = for all i. Thus we 
need a cubic Q{xo,Xi,X2) which intersects with E^o nine times at (xo,Xi,X2) = (0,1,0) 
corresponding to z/ = 0. The triple line Q = x^ does the job, simply because z/ = is one 
of the infiection points of Eoo- 
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The resulting cubic pencil P + tQ can easily be converted to the Weierstrass form in 
the original variables (x, y) : 



which is the Seiberg-Witten curve of the -Eg model found in ||12| . 

Next consider the model with the nine inflection points {|(aT + b)\a,b = 0, 1,2} as 
the base points of the cubic pencil. Note that these nine points sum up to zero. 

We can find easily also in this case the cubic Q; it is simply the Hessian of P: 

Hess(P) = -8 {foirfxl + 36goiT)xlx, + 12foir)xoxl - Ux^xj) . (9.7) 

This follows from the fact that the four x coordinates {p(r||(ar + 6))|(a, 6) ^ (0,0)} are 
the roots of the equation: Ax'^ — 2/o(r)x^ — 4:go{T)x — /o(r)^/12 = 0. 

The calculation of the basic algebraic invariants S, T of the cubic P + tHess(P) yields 
the Weierstrass form (8.1) of the cubic pencil with 

f{u; t) =^7t^ {e^{t)u^ - 4Ee{T)u' + QE^{t)\^ - AE^E^{t)u + AE^{rf - 3E,{Tf) , 
g{u; t) =^7i^ (Eg{t)u^ - GE^irfu^ + 15E^Ee{T)u'^ - 20Ee{Tfu^ + 15EIEq{t)u^ 

+6^4(2^2 - 3EI){t)u + ^6(9^1 - 8^6')(^)) • (9-8) 

Recall here that /o(r) = 4/371^^4 (r), goir) = ^/21ti^Eq{t). 

We can see that the partition function of the singly- winding sector i(r) vanishes 



identically for this model due to the theta function formula II, p. 148], the physical 
meaning of which is yet to be clarified. 

9.2 Several models with a few Wilson lines 

Two Wilson lines The model with two Wilson lines, that is, /i = miCi + 77^262 has 
been investigated in where the Seiberg-Witten curve were found and the partition 



function Zo,i(r|mi) has been derived directly from it. 

We find the nine base points of the cubic pencil representing the rational elliptic 
surface to be {z/j} = {0, 0, 0, 0, 0, m+, — m^, m_, — m„}, where m± = (mi ±m2)/2. The 
cubic Q which passes through these nine points can easily be identified. In fact, the nine 
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points are decomposed into the three triples {0, 0, 0}, {0, m_|_, — m+j, {0, m_, — m_}, each 
of which defines a fine in P^: 



Xq, = xi — p(r|m_|_)xo, L_ = xi — p(r|m_)xo. 



(9.9) 



Thus the cubic Q is found to be Q = Xo{xi — p(r|m+)xo)(xi — p(r|m„)xo). 

Now calculation of the basic algebraic invariants of the ternary cubic P + tQ tells us 
its Weierstrass form (8.1): 



f{u; T, m±) = fou^ - {p+ + p_)u^ + 



g{u; T, m±) = gou^ + {p+p- + t^)w^ - -^(p+ + p_)u^ + 



1 

12'" 12 

where p± = p{T\m±). Indeed, using the formula 

1 , , , 1 



1 



216 



-u 



(9.10) 
(9.11) 



■i9i(r|m) / ' 

and a rescaling (8.4), it can be shown that the above form coincides with the one in [^, 
(A.l)], which was obtained through a reasoning quite different from the one here, modulo 
some misprints. 



Three Wilson lines Consider the model with the Wilson lines yU = J2i=i ^i, where 
rrii are chosen to be generic. A W{Es) action simplifies the nine base points of the cubic 
pencil to be {ui} = {0, 0, 0, 0, 0, Co, Ci, C2, Cs}, where 

/-I -1 1 1' 



(C05 Ci? (2, Cs 



1 



(mi,m2,m3) 



-1 

V-1 



(9.12) 



We see immediately that {0, 0, 0} determines the line Xq = and the other six points 
{0, 0, (o, Ci, C25 Cs} the conic of the form C = aox^ + aiXoXi + a2XoX2 + a^xf, the precise 
coefficients of which are determined by the formula 



C{xo,Xi,X2] 



2 2 
Xq XqXi X()X2 X^ 



pi 

P2 
P3 



P'l P\ 

p'2 pI 

P3 P\ 



(9.13) 
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p'2 


pI 
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pI 
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where pi = p(r|0), p- = p'(r|0). 

The cubic passing through the nine points are determined to be 



Q = xo{aoxl + aiXoXi + 02X0X2 + asxf) 
and the Seiberg-Witten form (8.1) of it is written in terms of (oq, ai, 02, as) as 

f{u; T, nii) = fou^ + aiu^ + ^«3^^^ (9-14) 



(9.15) 



/o 1 1 

g{u; T, nii) = gou^ + (oq + ^s)"^ + ^2 '^^^'^^ ~ SaDu"^ + ^a^^^. 

It is an amusing exercise to see that under the hmit Imr +00: 

, vr^ TT^ ,, 27r^cos(7rC) 

3 sm (vrC) sm (vrC) 

the curve above reduces to the trigonometric one with three Wilson hues pSj (2.8)]. 

Three Wilson lines II If we consider the model with /i = mi(ei — e2) +7712(63 — 64) + 
7713(65—66), the nine base points of the cubic pencil are given by {0, 0, 0, ±7711, ±7712, ±7713}. 
As the line intersecting with Eao with the three points {0, ±mi} is given by xi — piXo = 0, 
where we set pi := p(r|77ij), the cubic Q we need is found to be 

Q = {Xi - piXo){xi - P2Xq){xi - P3Xq). (9.16) 

The computation of the algebraic invariants of the cubic pencil P + tQ yields the 
Weierstrass form (8.1) with 

f{u; T, mi) = /on^ + ^{Aa^ - foW + ^i^l - ^^^2^, (9.17) 
g{u; T,mi) = g^u^ - ^(/oO"! + 0-3)^^ + ^(^fi'o + focn - 4(Ti(T2)m^ 

^ '2al-9aia2 + 27cr3)u^, (9.18) 



432 

where ai = pi + p2 + p3, cr2 = P1P2 + P2P3 + p3pi, and as = pip2p3- 
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Four Wilson lines Let us consider the model with the Wilson lines given in the 
Euclidean coordinates n — Z^f=imjej, where any of mj or mi—rrij is non-zero. Af- 
ter a suitable W{Es) action, the nine base points of the cubic pencil become {ui} ~ 
{-2Co, Co, Co, Co, Co, Ci, C2, Cs, C4}, where 

1\ 



(Co, Cl, C2, Cs, C4) = m2, 1713, ^4) 



/I 

1 
1 

Vi 



1 1 

-5 1 1 

1 -5 1 

1 1 -5/ 



(9.19) 



The first three points {— 2Co,Co, Co} defines a hne L tangent to the eUiptic curve £"00, 
while the remaining six a conic C. If we set pi = p{T\(i), p'^ = p'{T\(i), poo = p{t\'^Co), 
Poo = -p'('^|2Co), they are given by 

Xq Xi X2 
L{xo,Xi,X2)= 1 Po Po 

1 Poo Poo 



(9.20) 
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p\ 
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(9.21) 



The cubic in question is found io he Q = L ■ C . However, the Weierstrass form of the 
cubic pencil P + tQ is so complicated that we do not attempt to describe it here. 

Four Wilson lines II Finally, let us take the model with {z/j} = {0, ±Ci, ±C2, iCs, ='=C4}- 
We thus need to find a cubic Q which passes through the eight points (1, ±pi, pQ, where 
Pi = p{t\Q^ P'i = p'iACi), for i = 1, . . . , 4, as well as (0, 0, 1). 
We find that such a cubic Q is given by 

Q = {9o- foCTi - 4:a3)xoXi + (/o + 4:a2)xoxl - a^Xoxj + Xixl + (4(T4 - gocri)xl, 

where CTj is the ith basic symmetric polynomial of pjS. In fact we can see that 

Q{^:X,y) = A{x - pi){x - p2){x - p3){x - P4), 

if — Ax^ — fox — go, that is, if we restrict Q on £'00. Nevertheless, Q itself is an 
irreducible cubic in this case. 
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Appendix A 

In this appendix we present for completeness the explicit form of the generators S and T 
of the algebraic invariants of the ternary cubic form R (9.3). 

S — — a300C^1200oi2 ~ 2 O.210Q'012Oiii + a300Q'030Q'102a.012 + Q.300Q'003'3'120'3'021 

+ Ci030Ct003Ct210Ct201 ~ «210CH20Ctl02Ct012 — fl210'^201'^012a021 — «120ti20lCH02ao21 

2 2 2 2 2 2 

~ fl030fl201^012 — aoo3fll20^201 ~ ^30001020021 + 0210^012 ~ 00300210^102 

2 2222o 24 

— O003O210O02I + O120O102 + ^201^021 ~ 2 O120O102O111 + Om 

— O300O030O003O111 — 2a2oiOo2iOiii + O300O012O021O111 + O030O201O102O111 

+ O003O2IOO120O111 + 3a210Ol02O02lOlll + 3ai20O20lO012Olll, (-^-1) 

/T- q222 o/|222|0/I 4 i/|3 2 

1 — —6 O012O300O021 — ^111^01^021 + Oi2oOmOio2 + 4 O^20^3000oo3 

o 2 2 2 97 2 2 2_i_/|3 2 9/1 2 2 2 

■J Cti20'^210'^003 ^ ' '^210'^102'^021 + ^ '^201 '^030 '^003 Q'012'^210'^111 

4 222 23 222 

+ 24aoi202ioOiii - 24ai2oOio20iii + 4a3ooOo2iOoo3 + O300O030O003 

iO/|4 1o2 , A 3 2 ni-7 2 2 2 

"T ^^0^^^02010021 ~ -l-^ O^20^300O003Ol02O021 + ^ O012O300O03O ~ ^' ^012^120^201 

222 33 33 2 2 

— 3 02oiOo3oO;^o2 + 8 O120O102 + 8 Oq;^2'^210 + 24 0210*^00302010021 

2 3 2 2 2 2 3 

+ 4 O300O030O102 + 12 O210O111O021O003 + 12 O210OiiiOi02'^030 ~ 36 a210OiiiO02lOi02 
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+ 8 ^^201^021 ~ 8 Qii^ + 4 0210^003^030 " 24 a3ooa0300io2fllllQ021 

+ 12 %oi'^030'^i02a.iiia,o2i — 12 ai2oa.2ioa.io2'^030 ~ 12 ai2oa2ioC^iii'2oo3 

+ 24 ai2oa30oOio20o21 ~ 12 a300Ct20lQ02l'^102 ~ 12 0102^201 0111^030 

— 24 a2ioOo03CH02fllllOo30 ~ 24 03000210^^021^111^003 ~ 20 a3ooOiiiOo30Ct003 

— 12 a20iO'030Q'210O,02ia003 + 36 0210011102010.0300.003 + 36 O210O102O111OQ21O20I 

+ 6 

O300O030Ol02a210O02lO003 ~ 6 03ooCio30'^102020lOo03 + 6 02lo020lOo2lOi02'^030 

+ 12 a3ooOo2iOiiiaio2 + 12030002010030^00301110021 + 12 O012O300O210O030O111O003 

+ 6 aoi203oo021oOo2lOl02 + 12 O012O120O210O111O003 + 6aoi20l20020iOo300l02 

+ 18 O012O300O030O102O201O021 + 6 O012O120O300O201O030O003 ~ 12 O012O120O300O030O102 

— 12 a0i2Oi20O210OiiiOi02 + 36aoi20l20020l002lOlll + 36aoi20i2oOlllOio20201 

— 24 aoi20i2o03000lllOoo3 + 6 aoi20i2o021o020lOo03 + 18 O012O120O300O210O021O003 

— 60 Ooi20i2o030oOlliao2lOio2 + 6 OQ12O120O300O201O02I ~ 24OQ12O300O201O111O030 

— 6 a012Ol20O210Ol02O20lO021 ~ 12 O012O210O111O201O02I + 36 a012O300O030Ol02Oiii 

+ 36aoi20i2o02ioOiii02oi — 12 O012O300O030O102O210 + 12 O012O300O111O021O210 

— 24 O120O201O030O111O003 ^ 12 O120O102O201O021 + 36 O120O210O102O111O021 

+ 6 O120O210O003O102O02I ~ 60 aoi2aio2020lOlllOo3o0210 + 36 aoi202ioOiiiOo2lOio2 

+ 12 

O120O300O030O102O111O003 ~ 60 ai2o02io02oiOo2iOiiiOoo3 + 18 O120O210O102O201O030O003 

— 12 ai20Ol02OiiiO20lO021 + 12 O120O2OIO111O030O1Q2 — 12 O120O102O201O003 

— 12 O120O300O003O201O021 + 36 O120O300O111O021O003 — 6 O120O300O003O210O030 

2 2 2 2 2 2 

— 12 O120O102O201O021 + 24ai2o02oiOo2iOoo3 + 12 O120O111O201O003 

2 2 3 2 2 3 

+ 12 O012O201O030O111 — 12 aoi2 03000iiiOo2l — 12 aoi20i2o021oOio2 ~ 12 O012O201O030O021 

2 2 3 3 2 2 

— 12 001202100201*^021 ~ 36 O012O120O111O201 — 12 O012O210O021O003 + 240012O210O102O030 

3 2 2 2 2 2 2 

— 12 a0i2O300O210Ol20 + 24aoi20i20^3000l02 — 12 O012O120O210O102 + 12 O012O120O3OOO111 

22 0/i22 o2 

— 12 aQi202io020lOo21 + 24 00120201^0300210 + 12 O120O210O102O111O003 

— 12 O012O210O201O030O003 + 12 O012O300O2OIO021O111 — 6 Ooi203ooOo300o2lOo03- (^-2) 
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